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Abstract. We discuss existence, uniqueness, and space-time Holder regular- 
ity for solutions of the parabolic stochastic evolution equation 



f dU(t) = (AU(t) + F(t,U(t))) dt + B{t,U(ff) dW H (t), t G [0,T ], 
\ U(0)=u , 



where A generates an analytic Co-semigroup on a UMD Banach space E 
and Wh is a cylindrical Brownian motion with values in a Hilbert space H. 
We prove that if the mappings F : [0,T] X E -> E and B : [0,T] X E -+ 
Jz?(-ff, E) satisfy suitable Lipschitz conditions and no is .?b-measurable and 
bounded, then this problem has a unique mild solution, which has trajectories 



in C A ([0,T];X>((-A) s ) provided A > and 9 > satisfy A + 6 < §. Vari- 
ous extensions of this result are given and the results are applied to parabolic 
stochastic partial differential equations. 



1. Introduction and statement of the results 

In this paper we prove existence, uniqueness, and space-time regularity results 
for the abstract semilinear stochastic Cauchy problem 



Here A is the generator of an analytic Co-semigroup (S(t))t>o on a UMD Banach 
space E, H is a separable Hilbert space, and for suitable r\ > the functions 
F : [0,T] x V{{-A) r i) -> E and B : [0,T] x V((-A)^) -> C{H,E) enjoy suitable 
Lipschitz continuity properties. The driving process Wh is an iJ-cylindrical Brow- 
nian motion adapted to a filtration (J-t)t>o- In fact we shall allow considerably less 
restrictive assumptions on F and B; both functions may be unbounded and may 
depend on the underlying probability space. 

A Hilbert space theory for stochastic evolution equations of the above type has 
been developed since the 1980s by the schools of Da Prato and Zabczyk [TU]. Much 
of this theory has been extended to martingale type 2-spaces [2 [3] ; see also the 
earlier work [35]. This class of Banach spaces covers the L p -spaces in the range 
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(SCP) 



dU{t) = (AU(t) + F(t, U{t) j) dt + B(t, U(t)) dW H {t), 
U(0) = u . 



te[0,T o ], 
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2 < p < oo, which is enough for many practical applications to stochastic partial 
differential equations. Let us also mention an alternative approach to the L p -theory 
of stochastic partial differential equations has been developed by Krylov [53] . 

Extending earlier work of McConnell [27], the present authors have developed 
a theory of stochastic integration in UMD spaces [3T] [32] based on decoupling 
inequalities for UMD-valued martingale difference sequences due to Garling [HI 
[15] . This work is devoted to the application of this theory to stochastic evolution 
equations in UMD spaces. In this introduction we will sketch in an informal way 
the main ideas of our approach. For the simplicity of presentation we shall consider 
the special case H = K and make the identifications £(M, E) = E and Wr = W, 
where W is a standard Brownian motion. For precise definitions and statements of 
the results we refer to the main body of the paper. 

A solution of equation (|SCP|) is defined as an _E-valued adapted process U which 
satisfies the variation of constants formula 



The relation of this solution concept with other type of solutions is considered in 
[44] . The principal difficulty to be overcome for the construction of a solution, is 
to find an appropriate space of processes which is suitable for applying the Banach 
fixed point theorem. Any such space V should have the property that U G V 
implies that the deterministic convolution 



belong to V again. To indicate why this such a space is difficult to construct we 
recall a result from ■30] which states, loosely speaking, that if E is a Banach space 
which has the property that f(u) is stochastically integrable for every E- valued 
stochastically integrable function u and every Lipschitz function / : E — > E, then 
E is isomorphic to a Hilbert space. Our way out of this apparent difficulty is 
by strengthening the definition of Lipschitz continuity to L^-Lipschitz continuity, 
which can be thought of as a Gaussian version of Lipschitz continuity. From the 
point of view of stochastic PDEs, this strengthening does not restrict the range of 
applications of our abstract theory. Indeed, we shall prove that under standard 
measurability and growth assumptions, Nemytskii operators are L^-Lipschitz con- 
tinuous in L p . Furthermore, in type 2 spaces the notion of L^-Lipschitz continuity 
coincides with the usual notion of Lipschitz continuity. 

Under the assumption that F is Lipschitz continuous in the second variable 
and B is L^-Lipschitz continuous in the second variable, uniformly with respect 
to bounded time intervals in their first variables, the difficulty described above is 
essentially reduced to finding a space of processes V having the property that 4> 6 V 
implies that the pathwise deterministic convolutions 





and the stochastic convolution 
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and the stochastic convolution integral 

(1.1) [ S(t-s)(j)(s)dW(s) 

Jo 

define processes which again belong to V. The main tool for obtaining estimates 
for this stochastic integral is 7-boundedness. This is the Gaussian version of the 
notion of i?-boundedness which in the past years has established itself as a natural 
generalization to Banach spaces of the notion of uniform boundedness in the Hilbert 
space context and which played an essential role in much recent progress in the area 
of parabolic evolution equations. The power of both notions derives from the fact 
that they connect probability in Banach spaces with harmonic analysis. 

From the point of view of stochastic integration, the importance of 7-bounded 
families of operators is explained by the fact that they act as pointwise multipliers 
in spaces of stochastically integrable processes. This would still not be very useful 
if it were not the case that one can associate 7-bounded families of operators with 
an analytic Co-semigroup (S(t)) t >o with generator A. In fact, for all rj > and 
e > 0, families such as 

{t^(~AY>S(t) : t G (0, To)} 

are 7-bounded. Here, for simplicity, we are assuming that the fractional powers of 
A exist; in general one has to consider translates of A. This suggests to rewrite the 
stochastic convolution (JTTTJ) as 

(1.2) t^ f [(t-s) r ' +e (-A) r 'S(t-s)](t-s)- r '- E (-A)- 7 '<f>(s)dW(s). 

Jo 

By 7-boundedness we can estimate the i^-moments of this integral by the L p - 
moments of the simpler integral 

(1.3) f (t-s)- r >- e (-A)- r >4>(s)dW(s). 

Jo 

Thus we are led to define ^^([O, To] x 57; V((—A) r ')) as the space of all continuous 
adapted processes : (0, T ) x il — > A) 71 ) for which the norm 

I H I V,J, ^ ( [0,T ] x n ; -D( ( -A) » ) ) 

: = (^l^llcaO.To];^-^))) " + ] ( E IK* - ■y a ^-)K(Li(0,t)M(-A)i))) ' 

is finite. Here, j(L 2 (0,t), F) denotes the Banach space of 7-radonifying operators 
from T 2 (0, t) into the Banach space F; by the results of [33], a function / : (0, t) — > F 
is stochastically integrable on (0, t) with respect to W if and only if it is the kernel 
of an integral operator belonging to 7(L 2 (0, t),F). 

Now we are ready to formulate a special case of one of the main results (see 
Theorems E2H63E3J. 

Theorem 1.1. Let E be a UMD space and let r] > and p > 2 satisfy rj + i < \. 
Assume that: 

(i) A generates an analytic Co-semigroup on E; 

(ii) F : [0, To] x T>{{— A) 71 ) — > E is Lipschitz continuous and of linear growth in 
the second variable, uniformly on [0, To]; 

(hi) B : [0, To] x 2?((— A) 11 ) — > £(H,E) is L^-Lipschitz continuous and of linear 
growth in the second variable, uniformly on [0,Tq]; 
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(iv) u Q eLP{n 7 To;V{(-Ay>)). 
Then: 

(1) (Existence and uniqueness) For all a > such that r/ + - < a < ^ the 
problem (|SCP[) admits a unique solution U in V£ oo([P>^o] x £2j A) v )). 

(2) (Holder regularity) For all A > and 5 > r] such that A + <5 < | i/ie process 
U — S(-)uo has a version with paths in C A ([0, To]; ^ (( — ^l)" 5 ))- 

For martingale type 2 spaces £7, Theorem 1.1 was proved by Brzezniak [3J; in 
this setting the L^-Lipschitz assumption in (iii) reduces to a standard Lipschitz 
assumption. As has already been pointed out, the class of martingale type 2 spaces 
includes the spaces LP for 2 < p < oo, whereas the UMD spaces include LP for 
1 < p < oo. The UMD assumption in Theorem 11.11 can actually be weakened 
so as to include L 1 -spaces as well; see Section |H1 The assumptions on F and B 
as well as the integrability assumption on uq can be substantially weakened; we 
shall prove versions of Theorem 11.11 assuming that F and B are merely locally 
Lipschitz continuous and locally L^-Lipschitz continuous, respectively, and uq is 
J-"o-measurable. 

Let us now briefly discuss the organization of the paper. Preliminary material on 
7-radonifying operators, stochastic integration in UMD spaces, and 7-boundedness 
of families of operators, is collected in Section [2j In Sections [3J and |4] we prove 
estimates for deterministic and stochastic convolutions. After introducing the no- 
tion of L^-Lipschitz continuity in Section [5] we take up the study of problem (jSCPj) 
in Section [6l where we prove Theorem 11.11 The next two sections are concerned 
with refinements of this theorem. In Section[7]we consider arbitrary J-o-measurable 
initial values, still assuming that the functions F and B are globally Lipschitz 
continuous and L^-Lipschitz continuous respectively. In Section [8] we consider the 
locally Lipschitz case and prove existence and uniqueness of solutions up to an ex- 
plosion time. In Section [5] we discuss how the results of this paper can be extended 
to a larger class of Banach spaces including the UMD spaces as well as the spaces 
L 1 . 

The final Section [10] is concerned with applications to stochastic partial differ- 
ential equations. On bounded smooth domains S C K d we consider the parabolic 
problem 

du 

— (t,s) = A(s,D)u(t,s) + f(t,s,u(t,s)) 

Ow 

+ g(t,s,u(t,s))—{t,s), seS, te(0,T], 

B 3 (s,D)u(t,s) = 0, s £ dS, t e (0, T], 
it(0, s) = uq(s), s G S. 
Here A is of the form 

A(s,D)= a «{s)D a 

|q| <2m 

with D — — i(di, . . . , dd) and for j = 1, . . . ,ra, 

B j (s,D)= £ b if) {a)Df> 

\/3\< mj 

where 1 < mj < 2m is an integer. As a sample existence result, we prove that if / 
and g satisfy standard measurability assumptions and are locally Lipschitz and of 
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linear growth in the third variable, uniformly with respect to the first and second 
variables, and if u € H^ r, -? P (S), then the above problem admits a solution with 

paths in C A ([0, T];H*™ 5 f(S)) for all 5 > ^ and A > that satisfy 5 + A < \ - 

and 2mS — | ^ rrij, for all j = 1, . . . , m. Uniqueness results are obtained as well. 

All vector spaces in this paper are real. Throughout the paper, H and E denote 
a separable Hilbert space and a Banach space, respectively. We study the problem 
(ISCPp on a time interval [0, To] which is always considered to be fixed. In many 
estimates below we are interested on bounds on sub-intervals [0, T] of [0, To] and it 
will be important to keep track of the dependence upon T of the constants appearing 
in these bounds. For this purpose we shall use the convention that the letter C is 
used for generic constants which are independent of T but which may depend on 
To and all other relevant data in the estimates. The numerical value of C may vary 
from line to line. 

We write Q\ <a Q2 to express that there exists a constant c, only depending 
on A, such that Q\ < cQ^- We write Q\ ~^ Q2 to express that Qi <a Q 2 and 
Q 2 <aQi- 

2. Preliminaries 

The purpose of this section is to collect the basic stochastic tools used in this 
paper. For proofs and further details we refer the reader to our previous papers 
[32l [33], where also references to the literature can be found. 

Throughout this paper, (f2,.F, P) always denotes a complete probability space 
with a filtration (T t )t>o- For a Banach space F and a finite measure space (S, E, /it), 
L°(S; F) denotes the vector space of strongly measurable functions <f> : S — > F, iden- 
tifying functions which are equal almost everywhere. Endowed with the topology 
induced by convergence in measure, L°(S; F) is a complete metric space. 

7-Radonifying operators. A linear operator R : H — > E from a separable Hilbert 
space H into a Banach space E is called 7 -radonifying if for some (and then for 
every) orthonormal basis (h n ) n >i of H the Gaussian sum J2 n >i^fnRh n converges 
in L 2 (fl; E). Here, and in the rest of the paper, (7„)„>i is a Gaussian sequence, i.e., 
a sequence of independent standard real-valued Gaussian random variables. The 
space 7(-ff, E) of all 7-radonifying operators from H to E is a Banach space with 
respect to the norm 

2 — 

\\R\\-y(H,E) ■= ( E £7nitt» )■ 
n>\ 

This norm is independent of the orthonormal basis (h n ) n >i. Moreover, ^(H, E) is 
an operator ideal in the sense that if Si : H' — > H and S2 '■ E — > E' are bounded 
operators, then R G j{H, E) implies S2RS1 6 7 (if', E') and 

(2.1) WSzRS^hw < ||5 a |||| J R|| 7( H jB) ||S r 1 ||. 

We will be mainly interested in the case where H = T 2 (0, T; H), where Ti. is another 
separable Hilbert space. 

The following lemma gives necessary and sufficient conditions for an operator 
from H to an L p -space to be 7-radonifying. It unifies various special cases in the 
literature, cf. [U 03] and the references given therein. In passing we note that 
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by using the techniques of [25j the lemma can be generalized to arbitrary Banach 
function spaces with finite cotype. 

Lemma 2.1. Let (S, S,/z) be a a-finite measure space and let 1 < p < oo. For an 
operator T G C(H,L P (S)) the following assertions are equivalent: 

(1) TG 7 (H,D>(S)); 

i 

(2) For some orthonormal basis (h n )^ =1 of H the function (X)n>i \Th n \ 2 ) 2 
belongs to L P (S); 

i 

(3) For all orthonormal bases (h n )^ =1 of H the function (J^^Li \Th n \ 2 ^ 2 be- 
longs to L P (S); 

(4) There exists a function g G L P (S) such that for all h G H we have \Th\ < 
\\Ji\\h ■ g ^-almost everywhere; 

(5) There exists a function k G L P (S;H) such that Th = [fc(-),ft]# fi-almost 
everywhere. 

Moreover, in this situation we may take k = (j^^Li \Th n \ 2 ^ 2 and have 



(2.2) 



ITI 



■y(H,LP(S)) 



OC 

=p |(Ei t/i «i 



< 



|Lf(S)- 



Proof. By the Kahane-Khintchine inequalities and Fubini's theorem we have, for 
aJlf 1 ,...,f N €W{S), 

N , 

||(Ei/» 



Lp(S) 



N 



n=l 
V 

(E||E7n/n 



Lp(S) 



P 

Lp(S) 



n=l 

V 

(e|£ 7 »/» 



Lp(S) 



1 

Lp(S) 

Th n , n 



n—l n—1 

The equivalences (1)«=>(2)«=>(3) follow by taking /„ := Th n , n = 1, ... ,7V. This 
also gives the first part of (|2.2[) . 

(2)^(4): Let g £ L P (S) be defined as 5 = (T,n=i\ Th n\ 2 ) h ■ For ft = £^ =1 a„ft„ 
we have, for /z-almost all sGS, 

V AT i N i 

|Tft(s)| = | ^ a n Th n (s)\ < ( J] |a„| 2 ) 5 ( £ |Tft„( S )| 2 ) 5 < g(s)\\h\\ H . 

n—l n—l n—l 

The case of a general h E H follows by an approximation argument. 

(4)=>(5): Let -f/o be a countable dense set in H which is closed under taking 
Q-linear combinations. Let N G E be a //-null set such that for all s G C7V and for 
all h G # , |rft(s)| < g{s)\\f\\ H and ft i-> Tft(s) is Q-linear on # . By the Riesz 
representation theorem, applied for each fixed s G CiV, the mapping ft — ► Tft(s) 
has a unique extension to an element k(s) G i? with Th(s) = [ft, fc(s)]i? for all 
ft G i?o- By an approximation argument we obtain that for all ft G H we have 
Tft(s) = [ft, fe(s)]jj for //-almost all s G 5. For all s G CiV, 

||fe(a)||H= sup |M(«)]| = sup |Tft( S )|< 5 (s). 

||/»||H<l,fe€fl'o ||/i||H<l,heH 

Putting k(s) = for s G iV, we obtain (5) and the last inequality in ()2.2|) . 
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(5)=>(3): Let (h„)^L 1 be an orthonormal basis for H . Let N G E be a /i-null 
set such that for all s G CiV and all n > 1 we have Th n (s) = [h n , k(s)]. Then for 
s G CJV, 

OO i OO i 

(X>m«)i 2 ) ! - (Eit^^i 2 ) 5 = ms)llH - 

n—l n—1 

This gives (3) and the middle equality of (|2.2|) . □ 

Recall that for domains S C M d and A > f one has H X > 2 (S) ^ C h {S) (cf. 021 
Theorem 4.6.1]). Applying Lemma [2.11 with g = C ■ Is we obtain the following 
result. 

Corollary 2.2. Assume S C M d is a bounded domain. If X > |, i/ien /or a// 
p G [1, oo), i/ie embedding I : H X 2 (S) — ► L P (S) is ^-radonifying. 

From the lemma we obtain an isomorphism of Banach spaces 

LP(S;i0^7(#,£ P (S)), 

which is given by / h- > (/i i— > [/(•), The next result generalizes this observation: 

Lemma 2.3 ( 32 ). Let (S, S,/z) fee a a -finite measure space and let p G [1, oo) be 
fixed. Then /^(/[h> f{')h) defines an isomorphism of Banach spaces 

LP(S; 1 (H,E))^ 1 (H 7 LP(S-E)). 

Stochastic integration. In this section we recall some aspects of stochastic inte- 
gration in UMD Banach spaces. For proofs and more details we refer to our paper 
[32j . whose terminology we follow. 

A Banach space E is called a UMD space if for some (equivalently, for all) 
p G (1, oo) there exists a constant (3 Pt E > 1 such that for all L p -integrable i?-valued 
martingale difference sequences (dj)" =1 and all {—1, l}-valued sequence (sj)" =1 we 
have 

n ± n 

(2.3) (HlE^'IIT ^&^( E |l>| 

3=1 3=1 

The class of UMD spaces was introduced in the 1970s by Maurey and Burkholdcr 
and has been studied by many authors. For more information and references to 
the literature we refer the reader to the review articles [38] . Examples of UMD 
spaces are all Hilbert spaces and the spaces L P (S) for 1 < p < oo and er-finite 
measure spaces (5, E, fj). If E is a UMD space, then L P (S; E) is a UMD space for 
1 < p < oo. 

Let H be a separable Hilbert space. An H -cylindrical Brownian motion is fam- 
ily Wh = (WH(t))te[o,T] °f bounded linear operators from H to L 2 (fl) with the 
following two properties: 

(1) Wnh = (Wff(t)/i)t e [o,Tl is real-valued Brownian motion for each h G H, 

(2) E(W H (s)g ■ W H {t)h) = {s A t) [g, h] H for all s,t E [0, T], g,h e H. 

The stochastic integral of the indicator process lr a MxA ® {h <8> x), where < a < 
b < T and the subset A of £1 is JF a -measurable, is defined as 

i-T 

l( a ,b]xA®(h®x)dW H ■= l A (W H (b)h - W H (a)h)x. 
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By linearity, this definition extends to adapted step processes $ : (0,T) x fi — » 
C(H, E) whose values are finite rank operators. 

In order to extend this definition to a more general class of processes we introduce 
the following terminology. A process <E> : (0, T) x fi — > C(H, E) is called H -strongly 
measurable if <&/i is strongly measurable for all h E H. Here, ($>h)(t, u>) := 
Such a process is called stochastically integrable with respect to Wh if it is adapted 
and there exists a sequence of adapted step processes $ n : (0, T) x fi — > £(7?, £7) 
with values in the finite rank operators from H to E and a pathwisc continuous 
process £ : [0, T] x f2 — > £7, such that the following two conditions are satisfied: 
(1) lim^oo $ n /i = $/i in £°((0, T) x fi; S) for all heH; 



(2) lim / $ n dW H = (mL°(tl;C([0,T];E)). 
n -*°°Jo 



In this situation, £ is determined uniquely as an element of £°(fi; C([0, T];E)) and 
is called the stochastic integral of $ with respect to Wh , notation: 



The process C is a continuous local martingale starting at zero. The following result 
from [311 HI] states necessary and sufficient conditions for stochastic integrability. 



Proposition 2.4. Let E be a UMD space. For an adapted H-strongly measurable 
process $ : (Q,T) x fi — > C(H,E) the following assertions are equivalent: 

(1) i/ie process $ is stochastically integrable with respect to Wh; 

(2) /or a// £* e £?* i/ie process §*x* belongs to £°(fi; L 2 (0, T; H)), and there 
exists a pathwise continuous process £ : [0, T] x fi — » £7 sttc/i t/iai /or 

x* G £7* we /lave 

(C,x*}= / $VdWij in £°(fi;C([0,T]); 
Jo 

(3) /or a/Z x* G E* the process belongs to £°(fi; £ 2 (0, T; H)), and there 
exists an operator-valued random variable R : fi — > 7(£ 2 (0, T; i£), £?)) suc/i 
£/iai /or a/Z / G £ 2 (0,T; £T) and x* G £7* we /iaue 

(Rf,x*)= [ [f{t),$*(t)x*]Hdt m£°(fi). 
Jo 

In i/iis situation we have £ = J Q $ dWjj m £°(fi; C([0, T]; £?)). Furthermore, for 
all p G (1, oo), 



E sup 

te[o,T] 



<f>dW H 







E||£ ,||P 



7(L 2 (0,T;_f/),_E)- 



In the situation of (3) we shall say that R is represented^ Since $ is uniquely 
determined almost everywhere on (0, T) x fi by R and vise versa (this readily follows 
from J35[ Lemma 2.7 and Remark 2.8]), in what follows we shall frequently identify 
R and 

The next lemma will be useful in Section [7] 

Lemma 2.5. Let $ : (0,T) x fi — * C(H,E) be stochastically integrable with respect 
to Wh- Suppose A G T is a measurable set such that for all x* G E* we have 

$>*{t,uj)x* = for almost all (t,u) G (0, T) x A. 
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Then almost surely in A, for all t G [0, T] we have J Q $ oIWh = 0. 

Proof. Let x* € E* be arbitrary. By strong measurability it suffices to show that, 
almost surely in A, for all t € [0, T] we have 

M t := \ <$>*x* dl¥ H = 0. 
Jo 

For the quadratic variation of the continuous local martingale M we have 

[M] T = [ \\$*{s)x*\\ 2 ds = a.s.onA 
Jo 

Therefore, M = a.s. on A. Indeed, let 

t := inf{i e [0,31 : [M]t > 0}, 

where we take t — T if the infimum is taken over the empty set. Then M T is 
a continuous local martingale with quadratic variation [M T ] = [M] T = 0. Hence 
M T = a.s. This implies the result. □ 



i?-Boundedness and 7-boundedness. Let E\ and E 2 be Banach spaces and let 
( r n)n>i be a Rademacher sequence, i.e., a sequence of independent random variables 
satisfying P{r„ = — 1} = P{?' n = 1} = i. A family ST of bounded linear operators 
from E\ to E% is called R-bounded if there exists a constant C > such that for all 
finite sequences (x n )^ =1 in E% and (T„)^ =1 in <fT we have 

AT „ JV 



IE ^ ^ r n T n Xn 



2 

1 " n=l 



< C^E \\2^r n 



The least admissible constant C is called the R-boundof ', notation R(&). By the 
Kahane-Khintchine inequalities the exponent 2 may be replaced by any p£ [1, 00). 
This only affects the value of the i?-bound; we shall use the notation R p (3?) for 
the i?-bound of 2? relative to exponent p. 

Upon replacing the Rademacher sequence by a Gaussian sequence we arrive at 
the notion of a ^/-bounded family of operators, whose "/-bound will be denoted by 
j(^). A standard randomization argument shows that every i?-bounded family 
is 7-bounded, and both notions are equivalent if the range space has finite cotype 
(the definitions of type and cotype are recalled in the next section). 

The notion of i?-boundedness has played an important role in recent progress in 
the regularity theory of parabolic evolution equations. Detailed accounts of these 
developments are presented in [T21[M]! where more about the history of this concept 
and further references to the literature can be found. 

Here we shall need various examples of i?-bounded families, which are stated in 
the form of lemmas. 

Lemma 2.6 (|46J). If $ : (0,T) — > C{Ei,E 2 ) is differ entiable with integrable 
derivative, the family 

5i = {*(*) : te(0,T)} 
is R-bounded in C,{E\,E2), with 

r{?*)< mo+)w + r w(t)\\dt. 

Jo 
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We continue with a lemma which connects the notions of i?-boundedness and 
7-radonification. Let H be a Hilbert space and E a Banach space. For each h G H 
we obtain a linear operator 7), ■ E — > ^(H, E) by putting 

Tux := h ® x, x G E. 

Lemma 2.7 ( [ 1 T j ) . If E has finite cotype, the family 

,9 = {T h : \\h\\ H <\) 

is R-bounded in C(E,j(H, E)). 

Following [21], a Banach space E is said to have property (A) if there exists 
a constant Ca such that if {r' n )^ =1 and {r'n)n=i are Rademacher sequences on 
probability spaces (fi',P') and (fi",P") respectively, and {x mn )m,n=i ^ s a doubly 
indexed sequence of elements of E, then 

N n N N 

E ' E "II E E «*™» < c a e'e"|| E 



n—1 m—1 



n—1 m—1 



Every UMD space has property (A) [6] and every Banach space with property 
(A) has finite cotype. Furthermore the spaces L 1 (S') with (5, E,/x) cr-finite have 
property (A). The space of trace class operators docs not have property (A) (see 

The next lemma is a variation of Bourgain's vector-valued Stein inequality for 
UMD spaces [U [6] and was kindly communicated to us by Tuomas Hytonen. 

Lemma 2.8. Let Wh be an H -cylindrical Brownian motion, adapted to a filtration 
[fFt)te.[o,T]j on a probability space (Cl,P). If E is a Banach space enjoying property 
(A), then for all 1 < p < oo the family of conditional expectation operators 

S v = {E{-\T t ): t€[0,T}} 

is R-bounded, with R-bound Ca, on the closed linear subspace G p (£l; E) of L P (Q; E) 
spanned by all random variables of the form J Q <J> oIWh with $ G 7(L 2 (0, T; H), E). 

Proof. Let 1 < p < oo be fixed and choose Ei, . . . ,Eat G § v , say E n = E(-|.F tji ) 
with < t n < T . By relabeling the indices we may assume that t\ < ■ ■ ■ < f/v- 
We must show that for all F\, . . . , Fjv G L P (Q; E) of the form F n = J Q T $„ dWn we 
have 

v 2 v 

E'||^r;E n F n | <ClE'\\J2r' n F n 

n—1 n—1 

We write E„ = 53?=i ^j'j wri ere Dj := Ej — Ej_i with the convention that Eo = 
0. The important point to observe is that if G 7(L 2 (0, T; H), E) and Gj := 
Jq ^ j dW}{, the random variables DjGj are symmetric and independent. Hence, 
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by a standard randomization argument, 

N „ JV « 



E'|| J2 r 'n^nF n 



n=l 



N 



2 

GP(0;B) 
JV 



E 'IIEE r ™^ F « 

n=l 2=1 

JV 



GP(f2;_E) 
JV 



GP(n-,E] 



= E ' II E^E r « F « 

2=1 n=j 

AT N 

<ClE>E"\\J2r]D^r' n F n 



= E'E"\\J2r'jD j J2r' n Fn 



2=1 



2 = 1 
JV 



n=l 
2 



2 

Gp(0;E) 



n=2 
AT AT 

2=1 n=l 



2 

Gp(n ; _E) 

2 



n=l 



C 2 A E'\\E N y] r' n F n < ClE'\\ V <F„ 



2 

GP(n;_B)' 



□ 



The next lemma, obtained in [20] for the case H = M, states that 7-boundcd 
families act boundedly as pointwise multipliers on spaces of 7-radonifying operators. 
The proof of the general case is entirely similar. 

Lemma 2.9. Let E\,E2 be Banach spaces and let H be a separable Hilbert space. 
Let T > 0. Let M : (0, T) — > C(E\, E2) be function with the following properties: 

(1) /or a/Z x (E Ei the function M(-)x is strongly measurable in E 2 ; 

(2) ifte range ^ = {M(t) : t G (0, T)} zs 7 -bounded in £(E 1 ,E 2 ). 

Then for all step functions $ : (0,T) — > C(H,Ei) with values in the finite rank 
operators from H to E\ we have 



(2.4) 



\M^h(L^(a,T-H),E 2 ) < l{^)\\^\\ 1 {L^{0,T;H),E l )- 



Here, (M$)(t) := M(t)<$>(t). As a consequence, the mapping $ 1— > M<i> /ias a unique 
extension to a bounded operator from 7(L 2 (0, T; H), E\) to 7(L 2 (0, T; H), E%) of 
norm at most 7 (./#). 

In [20] it is shown that under slight regularity assumptions on M, the 7-bounded- 
ness is also a necessary condition. 



3. Deterministic convolutions 

After these preliminaries we take up our main line of study and begin with some 
estimates for deterministic convolutions. The main tool will be a multiplier lemma 
for vector- valued Besov spaces, Lemma |3. 11 to which we turn first. 

Let E be a Banach space, let I — (a,b] with — oo<a<6<oobea (possibly 
unbounded) interval, and let s e (0, 1) and 1 < p, q < 00 be fixed. Following (22] 
Section 3.b], the Besov space B*(I;E) is defined as follows. For h S M and a 
function / : / — > E, we define T(h)f : / — > _E as the translate of / by ft, i.e., 



CT(fc)/)(t) 



/(t + ft) if t + ft 6 J, 
otherwise. 



Put 



/[ft] f + ft G 1} 
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and, for / G LP (I; E) and t > 0, 



Now define 

where 
(3.1) 



Qp(f,t) ■= Sup \\T(h)f- f\\ L P(I[h];E)- 

\h\<t 



B;jI;E) := {/ G U>{I;E) : Wfh^E) < °o}, 



ll/l 



) := \\f\\L HI ;E) + ( / (*-%(/,*)) 



dt 



with the obvious modification for q = oo. Endowed with the norm || ■ (i-,E)i 
q (I; E) is a Banach space. 

The following continuous inclusions hold for all s, Si,S2 G (0,1), p,q,qi,q 2 G 
[1, oo] with qi < q 2 , s 2 < sr. 

B s Ml (I;E) B s p<q2 (I-E), B s p ] q {I;E) - B£ (/;£). 

If / is bounded, then also 

B s pi<q (I;E)^B; 2tq (I;E) 

for 1 < P2 < Pi < oo. 

The next lemma will play an important role in setting up our basic framework. 
We remind the reader of the convention, made at the end of Section [IJ that con- 
stants appearing in estimates may depend upon the number To which is kept fixed 
throughout the paper. 

Lemma 3.1. Let 1 < q < p < oo, s > and a > satisfy s < i — jj cmd 
a < | - | - s, and Zei 1 < r < oo. For all T G [0,T ] and (j> G B s pr {0,T;E) the 
function t i— > t~ Q 0(i)l( O .T)(^) belongs to B q r (0,To; E) and there exists a constant 
C > 0, independent of T G [0,To], smc/i £/ia£ 



[|i^i- a #)l (0) r)(t)||B|, r( a 



< CT*" 



B« (0,T;E) 



Proof. We prove the lemma under the additional assumption that a > 0; the proof 
simplifies for case a = 0. We shall actually prove the following stronger result 



\\t^t- a 4,(t)i i0 ,T)(t)\\i 



\B ir (0,T;E) 



with a constant C independent of T G [0, To]. 

Fix u G [0, T] and \h\ < u. First assume that h > 0. Then J[/i] = [0, T - /i] and, 
by Holder's inequality, 



^(t + /l)l(0,T 


(* + 


h)-0(t)l (o ,r)(t) 


"dt)" 








(t + /i) Q 




<-u: 


4>{t- 
(* + 


f /i) 




(t>(t + h)- 4>{t) 
(t + h) a 


"dtf 



1_1 

< Cw p" 



T 

T-/i 
-a II 



{t+h) a 

\lp(0,T-E 



dt 



i _ i 
CT i p 



i[h] 



u(t+h)-m\ p dt) p . 
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Again by Holder's inequality, 

0(t)l (o ,T)W #)l (0 ,T)(i) </ 



(t + hy 



fa 



dt 



< 



i-T p-q 
( / \{t + h)- a -t~ a \^dtj " || 



|Lp(0,T;,E) 



with 

r-T 



II 



(t + h)- a - r a \ p -« dt < / r~ -(t + h)~— dt < Ch 1 -— < Cu 1 -—. 



Combining these estimates with the triangle inequality we obtain 

<t>(t + h)l i0 ,T)(t + h) 0(t)l (o ,T)W|9 ' 



(t + h) a 



dt 



< 



cJ-^- a u\\ LP{0 , T:E) + CT^-^- a ( / U(t + h) - ^(tw dt)' 

K JI[h] ' 



A similar estimate holds for h < 0. 

Next we split [0, 1] = [0, T A 1] U [T A 1, 1] and estimate the integral in ([37T]) . For 
the first we have 

/ f™ 4>(t + h)l (Q .-n(t + h) <j>(t)l !0 . T ^t) r du \± 



u sup 

\h\<u 
TA1 



(t + h) a 



t" 



Li(R;E) U 



< c 



(i) 

< CTi 



it 



T«-~ a sup \\4>(- + h)-4>(-)\\ Lmh] . E) 

\h\<u 



Q P I 



SUp \\<f)(- + h) -(/>(•) \\ L P(I[h];E) 
\h\<u 



+ a \\4>\\Lv(0,T;E) 

r du\7 
U 



r du\i 

u J 



+ C / u- sr u 



(g-g)r „.„ du \ 7 



||</ , ||iP(0,T;,E) 



(«) i i 



|B» (0,T;S) 



■CT* 



|LP(0,T;£;)- 



In (i) we used the triangle inequality in L r (0,T A 1, — ) and in (ii) we noted that 

^ i _ 

Next, 



a< A-i-s 

9 P 



4>(t + h)l {0 , T )(t + h) <£(t)l (0iT) (i) </ 



(i + M c 



Using this we estimate the second part: 



dt 



)»<,( 



0(t) 



< CT« p a ||^|Up(o,r;B)- 



zt sr sup 



TA1 \h\<u 



0(t + h)l (0 . T) (t + h) 0(t)l (o ,r)(t) 



(f + M c 



L9(/[/i];B) It 



<CT' p Q ||0||lp(O,T;,E)( 



,du\7 



TA1 



|LP(0,T;_E)- 
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Putting everything together and using Holder's inequality to estimate the L 9 -norm 
of t~ a cf>(t) we obtain 

\\t^t~ a 0(t)\\ BlAO , T . E) 

= \\t»t- a <j>{t)\\ Lq(0tT . E) 

<f>{t + h)l i0 , T) (t + h) 0(t)l (o ,r)(t) 



sup 

\h\<u 



< CT< 



(t + hy 

LP{0,T;E) + CTi p 



t° 



r du 

Li(R-E) U 



{0,T;E) 



■CT< 



'\\^\\lp(0,T;E)- 
□ 



A Banach space E has type p, where p £ [1, 2], if there exists a constant C > 
such that for all xi, . . . , x n £ E we have 



3=1 



3 -^J 



3 = 1 



Here {fj)j>i is a Rademacher sequence. Similarly E has cotype q, where q £ [2, oo] 
if there exists a constant C > such that for all a?i, . . . , x n £ E we have 



n i n 

(J2\\*i\\ q y <c(e\\y,*. 

3=1 



3 -^3 



3 = 1 



In these definitions the Rademacher variables may be replaced by Gaussian variables 
without changing the definitions; for a proof and more information see [13] ■ Every 
Banach space has type 1 and cotype oo, the spaces L P (S), 1 < p < oo, have type 
min{p, 2} and cotype max{p, 2}, and Hilbert spaces have type 2 and cotype 2. 
Every UMD space has nontrivial type, i.e., type p for some p £ (1, 2]. 

In view of the basic role of the space 7(T 2 (0, T; H), E) in the theory of vector- 
valued stochastic integration, it is natural to look for conditions on a function $ : 
(0, T) — > C(H, E) ensuring that the associated integral operator /$ : T 2 (0, T; H) — » 

/»/:= / <Z>(t)f(t)dt, f£L 2 (Q,T-H), 
Jo 

is well-defined and belongs to 7(L 2 (0, T; H), E). The next proposition, taken from 
[31], states such a condition for functions $ belonging to suitable Besov spaces of 
7 {H, E)- valued functions. 

Lemma 3.2. T/T /ias type r G [1,2), i/ien $ i— > i$ defines a continuous embedding 

B*r *(0, To; 7 (#, #)) ^ 7(i 2 (0, To; JJ), £), 
where the constant of the embedding depends on Tq and the type r constant of E. 

Conversely, if i— > defines a continuous embedding /3f,r 2 (0, To; j(H, E)) <—* 
7(T 2 (0, T ; H),E), then T has type r (see [19]); we wm not need this result. 

Lemma 3.3. Let E be a Banach space with type r £ [1,2). Let a > and q > 2 
6e smc/i £/iaf a < | — ~. There exists a constant C > swc/i that for all T £ [0, To] 

and $ G b\~* (0, T; 7 (#, T)) we We 



sup ||S I 

te(o,T) 



l7(L 2 (0,t;ff),B) 



< CT5 



1*1 



■■(0,T;j(H,E)) 
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Proof. Fix T £ [0,T ] and t £ [0,T]. Then, 

||s i ► {t s)" Q $(s)|| 7(L 2 (0it;H)i£;) = \\s t-> S - a $(t - s)|| 7 ( L 2 (0 , i; H),E) 

= \\s I ^ S~ a $(f - s)l(0,t)(s)ll 7 (L 2 (0,T ;H),_E) 



(i) 



<C|| S ^ S - Q $(t- S )l (0 , t) ( s ) 



B- T 2 (0,To; 7 (H,E)) 



(«) i i 

'"S^ 3 (0,t; 7 (H,.E)) 

< CT3 _ « _0! ||$|| 1_! 

M S- T 5 (0,T; 7 (H,B)) 



In (i) we used Lemma [3. 2 1 and (ii) follows from Lemma I37U □ 

In the remainder of this section we assume that A is the infinitesimal generator 
of an analytic Co-semigroup S — {S(t))t>o on E. We fix an arbitrary number w £ K 
such that the semigroup generated by A — w is uniformly exponentially stable. The 
fractional powers (w — A) ri are then well-defined, and for ?y > we put 

E n := V((w - A)"). 

This is a Banach space with respect to the norm 

Nk ~ INI + 11(^-^11. 

As is well known, up to an equivalent norm this definition is independent of the 
choice of w. The basic estimate 

(3-2) \\S(t)\\c(E,E v) <Ct-\ t£[0,T o ], 

valid for rj > with C depending on 77, will be used frequently. 

The extrapolation spaces E_ v are defined, for 77 > 0, as the completion of E 
with respect to the norm 

\\x\\ E _ n := \\{w-A)-*x\\. 

Up to an equivalent norm, this space is independent of the choice of w. 

We observe at this point that the spaces E v and E- v inherit all isomorphic 
Banach space properties of E, such as (co)type, the UMD property, and property 
(A), via the isomorphisms (w — A) v : E ri ~ E and (w — A)~ v : E- v ~ E. 

The following lemma is well-known; a sketch of a proof is included for the con- 
venience of the reader. 

Lemma 3.4. Let q £ [1, 00) and r £ [1,2) be given, and let rj > and 9 > satisfy 
rj + 6 < I — —. There exists a constant C > such that for all T £ [0, To] and 

<f>£ L°°{0,T;E- g ) we have S * <f> £ B^'^ (0,T; E v ) and 

^* 0ll Bi-i(o,T ;S , ; )- CT ' ll0llLOO(O ' T;£ - e) - 



Proof. Without loss of generality we may assume that rj, 9 > 0. Let e > be such 

3 
2 



that 77 + 6><§-±-e. Then 



ll 5 *^4-W,)- CT3115 *^ 

The first estimate is a direct consequence of the definition of the Besov norm, and 
the second follows from [26l Proposition 4.2.1]. □ 
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From the previous two lemmas we deduce the next convolution estimate. 

Proposition 3.5. Let E be a Banach space with type r G [1, 2] and let < a < \. 

Let r\ > and 6 > satisfy r\ + 9 < § — 7 ■ Then there is a constant C > such 
that for allO <t<T < T and 4> € L°°(0^T; E), 

||s~ {t- S y a {S*cj>){ S )\\ l(L .^ t) . Ev) < CT^- a \\<j>\\ L oo [QfT , E _ e) . 

Proof. First assume that 1 < t < 2. It follows from Lemmas 13.31 and 13.41 that for 
any q > 2 such that a < ^ — ^, 

\\s -> (t - s)-*S * <P(s)\\^ m , Ev) < CT^\- a \\S * cj>\\ x_ 1 

< CT2- Q ||0|| LOO( . O T;E _ e ). 

For r = 2 we argue as follows. Since E n has type 2, we have a continuous 
embedding L 2 (0, 7(£ 2 (0, t), £,,); see [37]. Therefore, using flgjg) , 

||s »(t- s)- a S * <Ks)|| 7 (^(o, t ) )B „) < ^ (t - s)- a S * cf>(s)\\ LH0>t . Eri) 

< C || s h+ (t- s )- Q || L2(0 , t) ||5 * 0|| L » {o ,Ti^) 

< CT*-«T 1 -'»- 9 1| 0|U- (o , TiB _ 9) . 

□ 

The following lemma, due to Da Prato, Kwapieh and Zabczyk [9l Lemma 2] in 
the Hilbcrt space case, gives a Holder estimate for the convolution 

1 /"* 

"(a) J 

The proof carries over to Banach spaces without change. 

Lemma 3.6 (|9J). Let < a < 1, 1 < p < 00, A > 0, 77 > 0, and 6 > satisfy 
A + 7/ + #<a — |. T/ien i/iere exist a constant C > and an £ > smc/i i/iai /or 
a^Z e L p (0,T;E) and T e [0,T ], 

H-Ra^llc^([0,T];^) < CT £ || </)|| iP ( ,T;E_ e ) ■ 

4. Stochastic convolutions 

We now turn to the problem of estimating stochastic convolution integrals. We 
start with a lemma which, in combination with Lemma l2.9[ can be used to estimate 
stochastic convolutions involving analytic semigroups. 

Lemma 4.1. Let S be an analytic Co-semigroup on a Banach space E. For all 
< a < 1 and e > the family 

{t a+6 S(t) 6 C(E,E a ) : t S [0, T] } 

is R-bounded in C(E,E a ), with R-bound of order 0(T £ ) as T J, 0. 

Proof. Let N : [0, T] -» C(E,E a ) be defined as JV(i) = t a+e S(T). Then TV is 
continuously differentiate on (0,T) and N'(t) = (a + e^+^Sit) + t a+£ AS(t), 
where A is the generator of 5. Hence, by (|3.2p . 

\\N'(t)U iEtEa) <Cf- 1 forie(0,T). 
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By Lemma EU the i?-bound on [0, T] can now be bounded from above by 



/ \\N'{t)\\ c(E , Ea) dt<CT s 
Jo 



a 



We continue with an extension of the Da Prato-Kwapieh-Zabczyk factorization 
method |9J for Hilbert spaces to UMD spaces. For deterministic $, the assumption 
that E is UMD can be dropped. A related regularity result for arbitrary Co- 
semigroups is due to Millet and Smolehski [25] . 

It will be convenient to introduce the notation 

rt 



5o$(<) := / S(t-s)$(s)dW H (s) 
Jo 



for the stochastic convolution with respect to Wh of S and $, where Wh is an 
.//-cylindrical Brownian motion. 

Proposition 4.2. Let < a < \, X > 0, r) > 0, 9 > 0, and p > 2 satisfy 
X + rj + 9 < a — i. Let A be the generator of an analytic Co-semigroup S on a 
UMD space E and let $ : (0, T) x fi — > C(H,E_g) be H-strongly measurable and 
adapted. Then there exist e > and C > sucft that 

n\son p CHl0W <c p T^ / T E|| S ^(t- S )-^( s )ii^ 2(0it;J?)iB _ e) dt 

«/ 

Here, and in similar formulations below, it is part of the assumptions that the 
right-hand side is well-defined and finite. In particular it follows from the proposi- 
tion there exist e > and C > such that 

n\Son P c > {[0tTi;En) < sup E||* ~(t- s)- a Hs)\\r iL2{0tt . iH)tE _ g) 

u J. 11 *G[0,T] 

provided the right-hand side is finite. 

Proof. The idea of the proof is the same as in [9], but there are some technical 
subtleties which justify us to outline the main steps. 

Let (3 G (0, |) be such that X + rj < f3 — ^ < a — 9 — i. It follows from Lemmas 
12.91 and | 4. II that, for almost all i G [0,T], almost surely we have 

Ik ^ (* - s)- fj S{t - s)*(«)|| 7 (L2(o, ti H),B) 

< Cf^- e || S ^ (t - a)- a $( a )|| 7(La( o 1 t iB ), B _,). 
By Proposition [23 the process C/3 : [0,T] x — > 

C/J(*) == r(1 1 _ /3) j[ (* - sJ-^Ci - dW H (s), 
is well-defined for almost all t G [0, T] and satisfies 

(E||C/J(*)[[ P )' < C^- 9 (E|| 8 -> (t- S )- Q <f( S )||^ (L2(0 , t;ff) ^ e) )-. 

By Proposition I A. II the process C,p is strongly measurable. Therefore, by Fubini's 
theorem, 

l Wp( o,T;£)) < CT a -P~ e [ T E\\s ,->(*- S r a m\\ P 7i mo^H),E^ dt. 
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By Lemma EUl the paths of RpCp belong to C A ([0, T}; E v ) almost surely, and for 
some e' > independent of T G [0, To] we have 

\\R/3C/3\\LP{il;C x (lO,T];E^)) 
U 2) ~ IK/3lU p (f2;i p (0,T;E)) 

< CT-P-^' ( £ E\\s -> (t - s)-^(s) r i{LWhE _ e) dt) 1 . 

The right ideal property (|2.ip , (|4.ip , and Proposition 12.41 imply the stochastic 
integrability of s i— > 5(f — s)$(s) for almost all i G [0, T]. The proof will be finished 
(with e = a — (3 — 9 + e') by showing that almost surely on (0, T) x fi, 

So$ = R f} ( f3 . 

It suffices to check that for almost all t G [0, T] and x* G E* we have, almost surely, 
(4.3) (So<f>(t),x*) = -^- [ (t-8) f, - 1 (S(t-a)C li (a),x')d8. 



res) y 

This follows from a standard argument via the stochastic Fubini theorem, cf. [9], 
which can be applied here since almost surely we have, writing ($(r),x*) := 
$*(r)x*, 

\\((t - sf-'Sit - s)(s - .)-PS(s - ■M-)l [0 . s] (-),x*)\\ L2 ^ t . H} ds 
\((s - .)~ P S{a ■)*(•). (* - sf-'S^t - S )x*)\\ L2(0t . H) ds 

< I ||( S -r /3 ^--) ( &(-)ll7(^(0, t ;H), B )ll(t-s)' 3 - 1 ^(t- S )^||d S , 

Jo 

which is finite for almost all t G [0, T] by Holder's inequality □ 

Remark 4.3. The stochastic integral So® in Proposition ^. 2l mav be defined only for 
almost all t G [0, T]. If in addition one assumes that $ G L p ((0, T) x £1; j(H, E-g)), 
then So$(t) is well-defined in for all < G [0,T]. This follows readily from (|4~3")) . 
[3"2l Theorem 3.6(2)] and the density of E 1 * in (E v )* . Since we will not need this in 
the sequel, we leave this to the interested reader. 

As a consequence we have the following regularity result of stochastic convolu- 
tions in spaces with type r G [1,2). We will not need this result below, but we find 
it interesting enough to state it separately. 

Corollary 4.4. Let E be a UMD space with type r G [1,2). Let p > 2, q > 2, 

A > 0, r\ > 0, 9 > Q be such that X + i] + 6 < 1 — ^ — - . Then there is an S > such 
that for all H -strongly strongly measurable and adapted <1> : (0, T) x Q — > £(if, E-g), 

(44) E||5o<i>||P <CPT^E||$f , x 

1 j C C[0 ' rl ' E " ) B,v'(0,r ;7 (H l B_,)) 

Proof. By assumption we may choose a E (0, |) such that A + ?7 + 6>+i < a < | — -. 
The result now follows from Proposition 14.21 and Lemma |3~31 (noting that ELg has 
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type t) 



E||So$||p 



< C p T £p sup ] 
te[o,T] 



(t -*)-<*<!>(*) II V(o,*; 



BS 



: (0,T- n (H,E_ g )) 



□ 



The main estimate of this section is contained in the next result. 



Proposition 4.5. Let E be a UMD Banach space. Let r) > 0, 9 > 0, a > satisfy 
0<r] + 9<a<±. Let $ : (0,T) x il — > C(H,E_g) be adapted and H-strongly 
measurable. Then for all 1 < p < oo and all < t < T < T Q . 

Proof. Fix < f < T < Tq. As in Proposition 14.21 one shows that the finiteness 



of the right-hand side implies that s i— > 5"(i — s)$(s) is stochastically integrable 
on [0,i\. We claim that s t— ► S(i — s)$(s) takes values in almost surely and is 
stochastically integrable on [0, t] as an E^-valued process. Indeed, let s > be such 
that (3:=rj + 6 + e<a and put 

Np(t) :=t^-AY +e S{t). 

It follows from Lemmas 12.91 and 14.11 that 

eii5(* - -m-w^^H)^) < cE\\N P (t - ■)(* - r p H-)\\ p 1{LW) , E _ g) 

< CT ep E\\(t - ■T l3 ®(-)\\ 1 ! ( ( L 2( t . H y E _ g ), 

and the expression on the right-hand side is finite by the assumption. The stochastic 
integrability now follows from Proposition ^. 41 This proves the claim. Moreover, by 
Proposition IA.U the stochastic convolution process S o $ is adapted and strongly 
measurable as an E v -valued process. 

Let G p {p,\E r) ) and G p (f2 x £l;E v ) denote the closed subspaces in L p (fl;E r] ) 
and L p (fl x f2; E n ) spanned by all elements of the form f Q T ^ dWn and / Q T $ dWn, 

respectively, where Wh is an independent copy of Wr and ranges over all adapted 
elements in L p (f2; 7(L 2 (0, T; H),E)). Since E n is a UMD space, by Proposition 
the operator 



^dW H ■= 



VdW H , 



is well defined and bounded from G p (f2 x VL;E n ) to G p (£l;E v ). Using the Fubini 
isomorphism of Lemma 12.31 twice, we estimate 

\\^(t~ S )- a So^s)\\ LP{n . ML2{0t)Ev)) 



(t - s 
t 



< 



Q S*(s - r)$(r) dW H (r 
l {0 , s) (r)(t-s)- a S(s-r)$(r) dW H (r 
l(o,.)(r)(* ~ s)- a S(s - r)$(r) dW H (r) 
(t - s)- a S(s - r)$(r) dW H (r 



7 (L 2 (0,t),GP(n ; _E,)) 

7(L 2 (0,t),GP(n ; _B,)) 
7(L 2 (0,t),GP(!2xf!;£,)) 
LP(n;7(L 2 (0,t),i p (n;-B^)))' 
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Rewriting the right-hand side in terms of the function Np(t) — t" (/i — A) v+e S(t) in- 
troduced above and using the stochastic Fubini theorem to interchange the Lebesgue 
integral and the stochastic integral, the right-hand side can be estimated as 



(t - s y a S(s - r)$(r) dW H (r) 

Lp{n- n {L 2 {o,t),Lp(n-E v ))) 
(t - s)- a (n - AYi +d S(s - r)$(r) dW H (r) 

LP(n--y(L 2 (0,t),LP(n-E^e))) 
iP(a:7(L 2 (0,t),LP(O;_E_ e ))) 



/' 

./() 



(t - s)- a (s - ry N{s - r)$(r) dW H {r) 
(i -*)"<" 

ps — r 

x(s-r)- f3 N'p(w)<f>(r)dwdW H {r) 



LP{Q.- 1 {L 2 (0,t),LP(Q.-E^e))) 



N'Jw) 



x / (t-s)- Q (s-r)^$(r)d%(r)dw 

3 

(t - s)- a (s - r)" /3 $(r) dW H {r) dw 



LP (n;7(L 2 (0,t),£P(fi;.E_e))) 



LP(n;~f(L 2 (0,t),LP(Q;E_e))) 



where E.^(£) :— E.(£\J-t) is the conditional expectation with respect to Tt 
a(W H (s)h : < s < t, he H}. Next we note that 

\\Np(w)\\dw <T £ . 



Applying Lemmas 12.81 and 12.91 pointwisc with respect to w G fi, we may estimate 
the right-hand side above by 



\N'Jw) 



x E 



< T 

< T 



E 



(t - s)- a {s - r)~ <f>(r) dW H {r) 
(t - sy a (s - r)- p $(r) dW H (r) 



LP(n;i(L 2 (0,t),LP(n-E^e))) 
LP(n;j(L 2 (O,t),LP(n;E_ ))) 



dw 



(t - s)- a (s - r)- ®(r) dW H (r) 

LP(n ;7 (L 2 (0,t),LP(n;B_ £) ))) 

< T*\\a ~ [r -> (t - «)"«(* r)-%,,)(r)*(r)] t^^^^,,.,))). 
Using the isometry 



7(if 1 ,7(H 2 ,F))~ 7 (if 2)7 ( J ff 1 ;F)), 
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and the Fubini isomorphism, the right hand side is equivalent to 

- t s \\s ^[rn(t- s y a (s - r)-%,»)(r)*(r)] || LP(n . 7(La(0it)>7(L2(0it;ff)ii3 _ 9))) 

~ T^\\r ^ [a »(t- s)- a (s - r)-%,.)(r)$(r)] \\ LHa .^ {0iUH)M » miE _ tW 

To proceed further we want to apply, pointwise with respect to f2, Lemma 12.91 
to the multiplier 

M : (0, t) -> £(£L e , 7 (L 2 (0, t),E- e )) 

defined by 

M{r)x := f r ,t®x, s G (0, t), x e E- 6 . 
where / r .t 6 L 2 (0,t) is the function 

/ r>t ( S ) := (i - r) Q (t - fl )-«(a - r)-"l (r , t) (a). 

We need to check that the range of M is 7-bounded in £(E-g, 7<X 2 (0, t), E^g)). 
For this we invoke Lemma 12.71 keeping in mind that i?-bounded families are always 
7-bounded and that UMD spaces have finite cotype. To apply the lemma we check 
that functions f St t are uniformly bounded in L 2 (0,t): 

-2a/ 



\f r , t ( s )\ 2 d S = {t~r) 2a 



^ ds 
(1 -u)- 2a u- 20 du 



(t-s)-^(s-r) 
1 



(1-u) 



-lot, -2/3 



< j.1-2/3 

It follows from Lemma 12.91 that 

«->(*- -.)-%,,) (•)*(•) 
< CT5-/3 r ^ ( t _ r )-«$( r ) 

LP(n;7(L 2 (0,t;ff),B_( ) )) 

Combining all estimates we obtain the result. 



LP(f2;7(L 2 (0,i;J?),7(i 2 (0,t),B_ 9 ))) 



LP(n;7(L 2 (0,t;//),B_e)) 



□ 



5. i 2 ,-LlPSCHITZ FUNCTIONS 



Let (S 1 , E) be a countably generated measurable space and let fi be a finite 
measure on (S,fi). Then L 2 (S,fi) is separable and we may define 

L 2 {S, n; E) := 7 (L 2 (S, /i); £) n L 2 (S, M ; £). 

Here, ^(L 2 ^, fj,); E) n L 2 (S,fi;E) denotes the Banach space of all strongly /z- 
measurablc functions 6 : S — > E for which 



L 2 (S,M;£) := 



l 7 (i 2 (S,M);i5) 



1101 



L 2 (S,fi;E) 



is finite. One easily checks that the simple functions are dense in L 2 (S,/i;E). 

Next let H be a nonzero separable Hilbert space, let E\ and £2 be Banach 
spaces, and let / : S x E\ — > C(H,E2) be a function such that for all x € E% 
we have f(-,x) s -f(L 2 (S, /z; i?), E^)- For simple functions <f) : S ^ E\ one easily 
checks that s 1— > /(s, </>(s)) 6 ^(L 2 ^, H), E 2 ). We call / L 2 -Lipschitz function 
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with respect to p, if / is strongly continuous in the second variable and for all simple 
functions (f>\ , 4>2 '■ S — ► E\ , 

(5.1) ||/(-, (j>x) - /(•, h)\\ 7 (L^(S, K H),E 2 ) < C\\(j)i - <fo,\\L*(S,KEx)- 

In this case the mapping <j> \-^> S^jcj) := /(•,</>(•)) extends uniquely to a Lipschitz 
mapping from L 2 (S, /i; E±) into r )(L 2 {S, /i; if), £^2)- Its Lipschitz constant will be 
denoted by i„ 

It is evident from the definitions that for simple functions <p : S — > E\, the 
operator Sf((j)) £ "f{L 2 {S, /i; if), E 2 ) is represented by the function /(•, (f>(-)) The 
next lemma extends this to arbitrary functions (f> £ L 2 (S, n; E\). 

Lemma 5.1. If f : S x E\ — ► C(H,E 2 ) is an L 2 -Lipschitz function, then for 
all <f> £ L 2 (S,ji;Ei) the operator S^j4> £ j(L 2 (S, fi; if), E2) is represented by the 
function /(■,(/>(■)). 

Proof. Let (<fi n )n>i be a sequence of simple functions such that <f) — linin^oo <f> n in 
L 2 (S, /i; Ei). We may assume that <f> = lim, woo <\> n /i-almost everywhere. It follows 
from (|5.ip that (/(•, </> n (-)))n>i is a Cauchy sequence in j(L 2 (S, /i; if), E 2 ). Let R £ 
7(L 2 (5, fi; if), E 2 ) be its limit. We must show that R is represented by f (-,(/>(■)). 
Let x* £ E2 be arbitrary. Since R*x* — linin^oo /*(•, 4> n ())x* in L 2 (S, /i; if) we 
may choose a subsequence (rik)k>i such that R*x* — lim^oo /*(•, 4> nk {-))x* fi- 
almost everywhere. On the other hand since / is strongly continuous in the second 
variable we have 

lim f*(s,cj) nk (s))x* = f*(s,cj>(s))x* for /i-almost all s £ S. 

k — >oo 

This proves that for all h £ if we have R*x* = /*(•, <fi(-))x* /i-almost everywhere 
and the result follows. □ 

Justified by this lemma, in what follows we shall always identify f4> with 
/MO)- 

If / is L^-Lipschitz with respect to all finite measures /i on (5, E) and 

Lj := sup{i^ j : /i is a finite measure on (S, £)} 

is finite, we say that / is a L 2 -Lipschitz function. In type 2 spaces there is the 
following easy criterium to check whether a function is L^-Lipschitz. 

Lemma 5.2. Let E 2 have type 2. Let f : S x E\ — ► 7 (if, E 2 ) be such that for all 
x £ Ei, f(-,x) is strongly measurable. If there is a constant C such that 

(5.2) \\f(s,x)\\ l[H . E2) < C(l + \\x\\), s£S, x£E 1 , 

(5.3) \\f(s,x) - f(s,y)\\ 1 (H,E 2 ) < C\\x-y\\, seS, x,y £ E x , 

then f is a L 2 -Lipschitz function and L^ < C 2 C , where C 2 is the Rademacher type 
2 constant of E 2 . Moreover, it satisfies the following linear growth condition 

\\f{-,4>)\\i{L^{S, K H),E 2 ) < C 2 C(1 + ||(/>||l2(S,m;Bi))- 

If / does not depend on S, one can check that (|5.1[) implies (|5.2p and (j5.3p . 

Proof. Let 0i,02 £ L 2 (S, /j;Ei). Via an approximation argument and (|5.3p one 
easily checks that /(•, (f>±) and f(-,4> 2 ) are strongly measurable. It follows from 
(|5.2p that f(-,4>i) and f(-,4> 2 ) are in L 2 (S, p;j(H, E 2 )) and from (|5.3[) we obtain 

(5.4) \\f(;<l>i)-f(;fa)\\ L 2 ( s,w(H,E 2 )) < C||^i - 
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Recall from [34] that L 2 (S, /it; 7 (if, £1)) j(L 2 (S, [i; H),Ei) where the norm of 
the embedding equals C2. From this and (|5.4|) we conclude that 

<t>l) ~ /(•, h)\U(L^(S.,n-H),E 2 ) < C 2 C||01 - ^lUafS.^Bt). 

This clearly implies the result. The second statement follows in the same way. □ 

A function / : E\ —* C{H, E 2 ) is said to be L 2 -Lipschitz if the induced function 
/ : S x Ei — > £(H,E2), defined by f(s,x) — f(x), is L 2 -Lipschitz for every finite 
measure space (S, S, /x). 

Lemma 5.3. For a function f : E\ —> C(H,E2), the following assertions are 
equivalent: 

(1) f is L 2 -Lipschitz; 

(2) There is a constant C such that for some (and then for every) orthonormal 
basis (h m )m>i of H and all finite sequences (x n )„ =1 , (y n )n=i * n &i we have 

N 

e EE 

(f(x n )h m — f{y n )h m )\ 

n—1 m>l 

N 2 N 

< c 2 e|| E 7»(z« - y n )\\ +c 2 J2 K - y^W 2 - 

n—1 n—1 

Proof. (1) =>■ (2): Let (/i m ) m >i be an orthonormal basis and let (x n )^ =1 and 
(y n )n=i m ^i be arbitrary. Take 5 = (0, 1) and p the Lebesgue measure and 
choose disjoint sets (S n )^ =1 in (0, 1) such that [i(S n ) — for all n = 1, . . . , N. 
Now define (f>i := 5Z„ =1 ls„ ®a;„ and ^2 := Xm=i -^n ®2M- Then (2) follows from 



2 



(EU). 

(2) => (1): Since the distribution of Gaussian vectors is invariant under or- 
thogonal transformations, if (2) holds for one orthonormal basis (h m ) m >i, then it 
holds for every orthonormal basis (/i TO ) n >i- By a well-known argument (cf. [16j 
Proposition 1]), (2) implies that for all (a n )^ =1 in M we have 

N 

E E E a »7»m(/(a:n)fem - f{Vn)h m ) 



n—1 m>l 



2 



JV 2 N 



< C 2 E| E a nln{x n ~ J/n) + C 2 ^ anil 21 ™ ~ Z/n 1 1 2 - 
n—1 n—1 

Now (|5.ip follows for simple functions 4>, and the general case follows from this by 
an approximation argument. □ 

Clearly, every L 2 -Lipschitz function / : Ex —* r y(H,E 2 ) is a Lipschitz function. 
It is a natural question whether Lipschitz functions are automatically L 2 -Lipschitz. 
Unfortunately, this is not true. It follows from the proof of [301 Theorem 1] that 
if dim(if) > 1, then every Lipschitz function / : E\ — > 7(iJ, £2) is L 2 -Lipschitz if 
and only if E 2 has type 2. 

A Banach space E has property (a) if for all N > 1 and all sequences {x mn )m n =i 
in E we have 

N 2 N 2 

e| ^ ^ Tmn^van ^ IE E || ^ ^ r m r n X rnn 
m,n— 1 m,n— 1 
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Here, (r mn ) m ,n>i, (r' m ) m >i, and (r^)„>i are Rademacher sequences, the latter two 
independent of each other. By a randomization argument one can show that the 
Rademacher random variables can be replaced by Gaussian random variables. It 
can be shown using the Kahane-Khintchine inequalities that the exponent 2 in the 
definition can be replaced by any number 1 < p < oo. 

Property (a) has been introduced by Pisier [36j . Examples of spaces with this 
property are the Hilbert spaces and the spaces L p for 1 < p < oo. 

The next lemma follows directly from the definition of property (a) and Lemma 



Lemma 5.4. Let E2 be a space with property {a). Then f : E\ — > j(H, E%) is L 2 - 
Lipschitz if and only if there exists a constant C such that for all finite sequences 
{x n )n=i an d (Vn)n=i * n ^1 we have 

N „ N n N 



e !>«(/(*,,) -/(wo) 



l(H,E 2 ) 



<C 2 E\\J2ln(x n -y n ) +C 2 ^\\x n -y n 



n=l 



In particular, every f G C(E±, j(H, E2)) is L 2 - Lips chit z. 



When H is finite dimensional, this result remains valid even if E2 fails to have 
property (a). 

The next example identifies an important class of L^-Lipschitz continuous func- 



tions. 



Example 5.5 (Nemytskii maps). Fix p £ [1, 00) and let (S, S, /i) be a cr-finite mea- 
sure space. Let b : K — » M be a Lipschitz function; in case fJ-(S) = 00 we also assume 
that 6(0) = 0. Define the Nemytskii map B : D>(S) -> LP{S) by B{x)(s) := b(x(s)). 
Then B is L^-Lipschitz with respect to ijl. Indeed, it follows from the Kahane- 
Khintchine inequalities that 

N 2 1 . N E 

(E j7«(BW-flW) ) 2 ^(/ (J2\ b ( x »( s ))-Kyn(s))\ 2 y d^(s 

n=l S n=l 

r N El 

<L b ( (£M S )-y„( S )| 2 ) 2 d M ( S )V 

71=1 

N 2 - 

~p Lb[M ^ "fn(Xn - Vn) J ■ 



Now we apply Lemma 15.31 

6. Stochastic evolution equations I: integrable initial values 
On the space E we consider the stochastic equation: 

f dU(t) = (AU(t)+F(t,U(t)))dt + B(t,U{t))dW H (t), te[0,T o ], 

(SCP) 



j U(0) 



where Wh is an if-cylindrical Brownian motion. We make the following assump- 
tions on A, F, B, uo, the numbers t] 1 9f,Qb > 0: 

(Al) The operator A is the generator of an analytic Co-semigroup 5ona UMD 
Banach space E. 
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(A2) The function 

F : [0, T ] x Q x E v -> E^g F 

is Lipschitz of linear growth uniformly in [0, To] x J7, i.e., there are constants 
Lf and Cf such that for all t G [0, To], ui G fl and i,?/£ Tv r; , 

||(i ;, (t,w,a:)-F(t,w,y))|| B _, Jp < X F ||a; - 

Hf^x)^ <CMi + IWk). 

Moreover, for all a; £ i?^, i— > F(t,u>,x) is strongly measurable and 
adapted in T_e F . 

(A3) The function 

B:[0,T o ] xQxE v ^C(H,E_e B ) 

is T^-Lipschitz of linear growth uniformly in f2, i.e., there are constants 1? B 
and such that for all finite measures \x on ([0, T ], B[o,To])i f° r au G O, 
and all 0i,<fc G T^((0, T ),(i; E n ), 

|| UJ, 0x)— S(-,W,^ 2 ))|| 7 (I,= ((0,ro),wi?),B-e B ) 

< T^||0i - 02||l,2((O,T o ), W ^), 

and 

^(•,w,^)ll7(i 2 ((o,r ),«H),E-e B ) ^ C'sl 1 + ll0lk=((O,T o ), w E,,))- 

Moreover, for all x G T^, (t,cu) i— > B(t,uj,x) is -ff-strongly measurable and 
adapted in T_e B . 

(A4) The initial value uo : — > -E^ is strongly Fo-measurable. 

We call a process (£/(*))te[o,T ] a E v -solution of (|SCP[) if 

(i) [/ : [0, To] x VL — > F,, is strongly measurable and adapted, 

(ii) for all t€ [0,T ], s i-> S(t - s)F(s, U(s)) is in L°(f2; T 1 (0, f; F)), 

(hi) for all i G [0, To], s i— > 5(i — s)B(s,U(s)) F-strongly measurable and 

adapted and in 7(T 2 (0, t; F), E) almost surely, 
(iv) for all t G [0, To], almost surely 

U{t) = S(t)u + S* F(; U)(t) + So B(; U){t). 

By (ii) the deterministic convolution is defined pathwise as a Bochner integral, 
and since E is a UMD space, by (iii) and Proposition ^ .41 the stochastic convolutions 
is well-defined. 

We shall prove an existence and uniqueness result for (|SCP[) using a fixed point 
argument in a suitable scale of Banach spaces of F-valued processes introduced 
next. Fix T G (0,T ], p G [l,oo), a G (0, §). We define V£ jOO ([0,T] x Q;F) as the 
space of all continuous adapted processes (j) : [0, T] x Q — > E for which 

H</ , llu,J, 00 ([ChT]xQ;.E) 

: = ( E IHIc ( [0,T]; B) ) * + 4 | U P t ( E P ~ (* - sr a t(s)\\ P l{ L*(0,t),E)) ' 
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is finite. Similarly we define V^ p ([0, T] x f2; E) as the space of pathwise continuous 
and adapted processes 4> : [0, T] x £1 — * E for which 

H\\v£, p (lO,T]xn;E) 

■■= (n4>\\ P cmnB))' + (/ n^(t-8)^il>(8)\\^ mtE) dt)' 

is finite. Identifying processes which are indistinguishable, the above norm on 
V^ p ([0, T] x tt;E) and V£ iOO ([0, T] x Q; E) turn these spaces into Banach spaces. 

The main result of this section, Theorem 16.21 below, establishes existence and 
uniqueness of a mild solution of (jSCPj) with initial value uo G L p (£l, !Fq\ E v ) in 
each of the spaces V^ p ([0,T ] x Cl;E) and Vg yOO ([0,T ] x Cl;E). Since we have a 
continuous embedding Vg jOO {[0,T ] xQ;E) -4 V£ )P ([0,T o ] x £l;E), the existence 
result is stronger for V p ^([0, To] x E) while the uniqueness result is stronger for 
V2, p ([0,T ]x£l;E). 

For technical reasons, in the next section we will also need the space V^ p ([0, T] x 
Q; E) which is obtained by 'pathwise continuous' replaced by 'pathwise bounded and 
B[ 0j t] ® ^"-measurable' and C([0,T];E) replaced by B h ([0,T]; E) in the definition 
of V£ p ([0,T\ x Sl;E). Here B h ([0,T];E) denotes the Banach space of bounded 
strongly Borel measurable functions on [0, T] with values in E, endowed with the 
supremum norm. 

Consider the fixed point operator 

L T (4>) =[tt-> S(t)u + S * F(-, 4>){t) + So B(; (f>)(t)] . 

In the next proposition we show that is well-defined on each of the three spaces 
introduced above and that it is a strict contraction for T small enough. 

Proposition 6.1. Let E be a UMD space with type r G [1,2]. Suppose that |(A1) - 
|(A4)| are satisfied and assume that 0<77 + #f<§ — 7 and < n + 8 b < 5. Let 
p > 2 and a G (0, |) be such that rj + 8b < a — A. If Uq € L p (fl; E v ), then the 
operator Lt is well-defined and bounded on each of the spaces 

V G {^ )OO ([0,T] x n;E v ), Vl p ([0,T] x n ; E v ), V^ iP ([0,T] x fi;^)}, 

and there exist a constant Ct , with limj^o Ct — 0, such that for all <fii,4>2 G V , 

(6.1) \\L T (4>i) ~ L T (<fc)\\v < CtUi - Mv- 

Moreover, there is a constant C > 0, independent ofuo, such that for all ef> (=V, 

(6.2) WLtWWv < C(l + (E||«o||^)») + CtU\\ v . 

Proof. We give a detailed proof for the space VP jOO ([0,T] x Q; E v ). The proof for 
V £, P ([ Q , T ] x n ' E v) is entirely similar. For the proof for V% p ([0,T] x Q;^) one 
replaces C([0,T];J5) by B h ((0,T);E). 

Step 1: Estimating the initial value part. Let e G (0, i). From Lemmas 12.91 and 
14.11 we infer that 

\\s >->•(*- s y a S{s)u \\ 7(L 2 {0 j^ Ev) < C\\s i-» (t - s)~ a s~ e u \\ 7 (L3(o,t),E v ) 

= c\\s ^ (t - s )- Q s -i L2(0it) |Mk, 

<C||«o|k,. 
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For the other part of the V^^QO, T] x SI; E^)-norm we note that 

\\SlM)\\cQp,T\;Er l ) ^ C'llwolU,- 

It follows that 

ll l ^' lt o||v3', 00 ([0,T]xn;-Bq) ^ C|| u o||LP(n ; B„)- 

Step 2: Estimating the deterministic convolution. We proceed in two steps, 
(a): For ip G C([0, T] ; E—g F ) we estimate the V£ )OO ([0, T] x O; S n )-norm of 5*^- 
By Lemma l3.6l (applied with a = 1 and A = 0) S 1 * -0 is continuous in E v . Using 
(|3.2|) we estimate: 




||V>||c([0,T];E_ 9f ) 



Also, since £ has type r, it follows from Proposition 13. 51 that 

(6.4) \\s » (t - s)- a S * ^( S )|| 7(i2(0 , t) , E ,) < T^- a U\\ c{%T] . E _ eF y 

Now let * G LP(fl;C{[0,T};E^g F )). By applying |jO} and (gU) to the paths 
one obtains that 5 * * G V^ jOO ([0,T] x n ; J^) and 

(6.5) ||S**||vj lD .([o,rixn i E,) < CT mi -a-^ 1 -"-^}||*|| LP(n . c([ o, T];E _ 9F)) . 

(b): Let X ,0 2 G V£ iOO ([0,T] x f2;£^). Since F is of linear growth, F(-,</»i) 
and F(-,0 2 ) belong to L^fi; C([0, T]; £L 9jP )). From d63]) and the fact that F is 
Lipschitz continuous in its E^-variable we deduce that S* (F(-, 4>i)), S*(F(-, (fa)) G 
VS,ooiM xQ;E n ) and 

||5 * (F(; 0i) - F(-, ^))[| <ce(Mx oi«,) 

(6.6) < Cr- in ^-«' 1 -"-^>||(F(.,0 1 ) -F(-,0 2 ))|U, ( n ; c([o,T];^ eF )) 

< cTr^- ' 1 -"-**^^! - ^Hvi.ao.nxOiB,). 

iSiep 5: Estimating the stochastic convolution. Again we proceed in two steps, 
(a): Let \& : [0,T] x O — > £(H, E_g B ) be if -strongly measurable and adapted 
and suppose that 

(6.7) sup E||,s (t - .s)- Q *( s )||P < oo. 
te[o,T] v ^ J B ' 

We estimate the V£ iOO ([0, T] x F, ; )-norm of 5 o 
From Proposition 14.21 we obtain an e > such that 

For the other part of the norm, by Proposition 14.51 we obtain that 
(E||,^(t- S )-^ovI/( s ))||^ (LW)if;i)) )" 

< ct^-°° (e\\ s -> (t s r a n p , {LH o W ^ B) ) 1 ■ 
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Combining things we conclude that 

\\ S O ^\\vS iOO ([0,T]xn;E„) 

«*» < CTmMh - n -e B , s} f sup ( ns ^ {t _ s) -^ {s)r 

v te[o,T] v ~ fl; 

(b): For t £ [0, T] let // t)Q be the finite measure on ((0, t), B(o,t)) defined by 
Mt,a(S) = / (t- S )- 2a l s ( S )ds. 

JO 

Notice that for a function tj> G C([0, t]; £") we have 

G 7 (i 2 ((0, t),IH, a ),E) <=>8~(t- s)- a <f>(s) e 7 (i 2 (0, t), E). 

Trivially, 

||0||^((O,t), Mt , Q ;E) = \\{t~ ■)~° t <l>{-)\\^{0,f,E) < Ct^- a \\4>\\ C ([0,T];Ey 

Now let 0i,02 G V^ iOO ([0, T] x Q;E V ). Since _B is L^,-Lipschitz and of linear 
growth and fa and fa belong to ((0, t), fi t ,a', E v ) uniformly, B{-, fa) and £?(•, 02 ) 
satisfy (16. 7|) . Since B{-,fa) and B(-,fa) are 7i-strongly measurable and adapted, 
it follows from ([13) that 5(-,0i), B(-,0 2 ) G V^^T] x O;^) and 
(6.9) 

||5o(i?(.,0 1 )-S(-,0 2 ))|| V£ <oo ([0,T]xn;E v ) 



< LlT ^-r,-0 B ,e} r sup ( E || S _> (t _ fl) -a^ _ 2 ]||P ) ■ 

L te[o,T] v ' ■' ' 



Step 4- Collecting the estimates. It follows from the above considerations that 
Lt is well-defined on ^^([0, T] x VL;E V ) and there exist constants C > and 
/3 > such that for all fa, fa G V^QO, T] x Q; £„) we have 

(6.10) \\L T (fa) - L T (fa)\\ V P^ ([0 T]xn . E7i) < CT \\fa - fa\\ V £^([o,T]xn;E v )- 
The estimate (16.21) follows from (16.101) and 

IIMo)lkvao,T]x^) < c(i + (ElKliyi 

□ 

Theorem 6.2 (Existence and uniqueness). Let E be a UMD space with type r G 
[1,2]. Suppose that (Al)|[(A4) are satisfied and assume that < 77 + < §■ — 7 
and < ?/ + < 2- P > 2 and a G (0, A) fee smc/i that r] + 9b < a — -. 
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If uq G 7 p (ft, J-q; Ef)), then there exists a mild solution U in VT^^OjXb] x ftj-Erj) 
of (|SCPp . As a mild solution in VT ([0,T] x Q;E V ), this solution U is unique. 
Moreover, there exists a constant C > 0, independent of Uq, such that 

(6.11) ll^lk,.([o,T ]xn ; B,) < c(i + {n\M p En )h 

Proof. By Proposition 16.11 we can find T G (0, To], independent of uq, such that 
Ct < \- It follows from (|6.ip and the Banach fixed point theorem that Lt has 
a unique fixed point U G ^a,oo([0, T] x tyE v ). This gives a continuous adapted 
process U : [0, T] x ft — > T^ such that almost surely for all £ G [0, T], 

(6.12) 17(f) =S(£)uo + S*F(-,r7)(£) + SoB(-,?7)(£). 

Noting that U = lim n ^oo T T (0) in V^ >oo ([0, T] x ft; T r) ), (ET2"]) implies the inequality 

H^lkvaOTlxfi;^,) < C(l + (E|MIb„)') +C T ||?7||vJ, oo ([0,T]xn;B ) ,)i 

and then Ct < 5 implies 

(6-13) ll^ll^^do.rjxn;^) < C(l + (E||«o||^)»). 

Via a standard induction argument one may construct a mild solution on each of 
the intervals [T, 2T], . . . , [(n — 1)T, nT], [nT, To] for an appropriate integer n. The 
induced solution U on [0, To] is the mild solution of (|SCP[) . Moreover, by (|6.13|) 
and induction we deduce (|6.1ip . 

For small T G (0, T ], uniqueness on [0, T] follows from the uniqueness of the fixed 
point of Lt in VT p ([0, T] x ft; E v ). Uniqueness on [0, T ] follows by induction. □ 

In the next theorem we deduce regularity properties of the solution. They are 
formulated for U — Suq; if uq is regular enough, regularity of U can be deduced. 

Theorem 6.3 (Regularity). Let E be a UMD space with type r G [1,2] and suppose 
that (Al)f (A4) are satisfied. Assume thatO < ri+9 F < | — i and < n+9 B < § — | 
with p > 2. Let A > and 5 > r\ satisfy A + S < minjT — I — 9 B ,Y — 9p}. Then 
there exists a constant C > such that for all uq G 7 p (ft; E^), 

(6.14) - Su \\ p cX([0>To] . Es) y <C(l + (E||uo||^)i 

Proof. Choose r > 1 and < a < \ such that X + S < I — j — 6p, r] + 6 B < a — ^, 
and A + S + 9 B < a - ±. Let U G VT jOO ([0, T ] x ft; S n ) be the mild solution from 
Theorem 16.21 It follows from Lemma 13.61 (with a — 1) that we may take a version 
of S * F(; U) with 

E||S*T(,l0||^ ([0To];£a) < CE\\F(.,U)f Lr(0tTo . E _ eF) 

<cnnM\ P c([o,T y,E_ eF y 
Similarly, via Proposition 14.21 we may take a version of S * B(-,U) with 

E\\SoB(;U)\\ P CHlo , To] , Es) 

<C sup E||s^(£- S )- Q B(-,LT( S ))||^ 3(0!t . K)B _ 9 j. 

*£[0,Tb] B 

Define J7 : [0, T ] x ft -> T,, as 

C/(£) = S(*)uo + S * F(-, U)(t) + SoB(-, U)(t), 
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where we take the versions of the convolutions as above. By uniqueness we have 
almost surely U = U. Arguing as in (|6.9p deduce that 



E\\U - Suo\\ p CX{[O To] . Es) < C(l + It/l^ynj^s).^)). 
Now flBHHl follows from flTTTj) . □ 

7. Stochastic evolution equations II: measurable initial values 

So far we have solved the problem (|SCP|) for initial values u £ L p (fl, JT ; E v ). 
In this section we discuss the case of initial values u £ L°(Q, !Fo] E v ). 

Fix T £ (0, T ]. For p € [1, oo) and a £ (0, ±) we define V^ p ([0, T] x Q; E) as the 
linear space of continuous adapted processes 4> '■ [0, T] x f2 — > _E such that almost 
surely, 

II0IIc([o,t];B) + ( / ||s >->- (i - s) _a ^(s)||^ (i2(0)t)i£;) di) " < OO. 

w 

As usual we identify indistinguishable processes. 

Theorem 7.1 (Existence and uniqueness). Let E be a UMD space of type t £ [1,2] 



and suppose that (Al) (A4) are satisfied. Assume that < n + 6p < § — - and 



T} + 6b < \- If a £ (0, if) and p > 2 are such that w + 9 b < a — | ; then there exists 
a unique mild solution U £ V® p ([0,Tq] x tt; E v ) of (jSCPjl . 

For the proof we need the following uniqueness result. 

Lemma 7.2. Under the conditions of Theorem \6.2\ let U\ and U 2 in V^^QO, T] x 
Cl; E v ) be the mild solutions of (|SCP[) with initial values u\ and U2 in L P (Q, J~q; E v ). 
Then almost surely on the set {ui = u 2 } we have U\ = U 2 . 

Proof. Let V — {u\ = u 2 }. First consider small T £ (0,Tq\ as in Step 1 in the proof 
of Theorem 16.21 Since T is JT -mcasurable we have 



||£7ilr - k r 2lr||vg , , oo ([0,T]xn ; E„) = \\L T {Ui)lr - LT(U 2 )lr\\v£ <co ([o,T]xn;E v ) 

= \\(Lt(Ui1t) - L T (U 2 lr))lr\\v£ iOO ([0,T]xQ;E v ) 
< 2 ]]C/ilr - U 2 lr\\v£, oc ([a,T]xn-E v ), 

hence almost surely J/i|[o,T]xr 

= U 2 \ 

[o,t] xr- 

To obtain uniqueness on the interval [0, To] one may proceed as in the proof of 
Theorem EH □ 



Proof of Theorem \7.1\ (Existence): Define {u n ) n >i in L P (Q, To; E v ) as 

u n := l{||u o ||s^<n} u 0- 

By Theorem 16. 21 for each n > 1 there is a unique solution U n £ V p ^([0, T] x tt; E„) 
of (ISCPj) with initial value u n . By Lemma 17721 we may define U : (0, To) x f2 — > E v 
as U(t) — lim„^oo U n [t) if this limit exists and otherwise. Then, U is strongly 
measurable and adapted, and almost surely on {||uo||.e < n}, for all t £ (0, To) we 
have U(t) = U n (t). Hence, U £ V£ p ([0,T\ x H;E V ). It is routine to check that U 
is a solution of (jSCPp . 

(Uniqueness): The argument is more or less standard, but there are some sub- 
leties due to the presence of the radonifying norms. 
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Let U,V € V£ p ([0,To] x fi;£ n ) be mild solutions of (fSCP]) . For each re > 1 let 
the stopping times ^ and i/^ be defined as 

Mn = inf {r G [0,T ] : / ° ||,s ^ (i - S )- Q [/( S )l [0 , r] {a) H^o,*),^) dt>n], 
v% = hxi{re[0,T]:\\U(r)\\ Ev >n}. 
This is well-defined since 

To 

\\s i-f (t - s )- Q C/( s )l [0 ^(s)||P (i2(0 t) 

is a continuous adapted process by |32[ Proposition 2.4] and the dominated conver- 
gence theorem. The stopping times and v% are defined in a similarly. For each 
re > 1 let 

T n =/j%Av% A/j% Av£, 

and let U n = f71[o jTn ] and V n — Vlro,r n ]- Then for all re > 1, U n and V n are in 
V£ p ([0, r o] x n; E v ). One easily checks that 

U n = l [0;Tn] (L T (U n )) T " and V„ = l [0 , Tn] (L T (V n )) T " , 

where Lt is the map introduced preceding Proposition 16.11 and (LT(U n )) Trl (t) := 
(L T (U n ))(t A t„). By Proposition Owe can find T e (0, T ] such that C T < \- A 
routine computation then implies 

ll^n - Vn\\yp p (lo y T]xn;E v ) ^ lll^" _ ^ H V<f,p([0,T] xfi;B,)' 

We obtain that [/„ = V„ in V£ p ([0, T] xft;E v ), hence P-almost surely, {/„ = V n . 
Letting n tend to infinity, we may conclude that almost surely, U = V on [0, T]. 
This gives the uniqueness on the interval [0, T]. Uniqueness on [0, To] can obtained 
by the usual induction argument. □ 




Note that in the last paragraph of the proof we needed to work in the space 
V^ p ([0, T] x Q; E n ) rather than in V£ ([0, T] x Q\ E n ) because the truncation with 
the stopping time destroys the pathwise continuity. 

By applying Theorem 16.31 to the unique solution U n with initial value u n := 

[ {\\u \\ Ell <n} u 0- 



the solution U := linin^oo U n constructed in Theorem 17.11 eniovs 



the following regularity property. 
Theorem 7.3 (Holder regularity). 



Let E be a UMD space and type r £ [1,2] 
and suppose that (Al) (A4) are satisfied. Assume that < r\ + Bp < | — — and 
< rj + 0b < |. Let A > and S > r) satisfy A + S < min{i — $b?1 — $f}- 
Then the mild solution U of (|SCP|) has a version such that almost all paths satisfy 
U -Su eC x ([0,T };E s ). 



Proof of Theorem \l.l\ Part (1) is a the special case of Theorem 16.21 corresponding 
to r = 1 and 9p = 6b = 0- For part (2) we apply Theorem 17.31 again with r = 1 
and F =6 B = O. □ 
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8. Stochastic evolution equations III: the locally Lipschitz case 

Consider the following assumptions on F and B. 
(A2)' The function F : [0, To] X ft x E v — > E-g F is locally Lipschitz, uniformly in 
[0, To] x SI, i.e., for all R > there exists a constant Lp such that for all 
t E [0,T ], G ft and ||x||^, ||y||^ < R, 

\\F(t,u,x) - F(t,u,y)\\ E _, F < L$\\x - y\\ En . 

Moreover, for all x G E, v (t,u) t— > F(t,u,x) G -E-e F is strongly mea- 
surable and adapted, and there exists a constant Cf.o such that for all 
f e [0,T ] and w € 11, 

||T(t,a,,0)|| E _^ <C7 F:0 . 

(A3)' The function B : [0,T ] x ft x -» £(H,E- 6b ) is locally i^-Lipschitz, 
uniformly in ft, i.e., there exists a sequence of T 2 -Lipschitz functions B n : 
[0,T ] x ft x -» £{H,E^g B ) such that B(-,a;) = B„{-,x) for all ||o:||e^ < 
n. Moreover, for all x G E, v (t,ui) i— > B(t,ui,x) G E-$ B is iJ-strongly 
measurable and adapted, and there exists a constant Cb,o such that for all 
finite measures /i on ([0, To], 6[o,t ]) an d au w G ft, 

||t i ^ 5(i,w,0)|| 7 ( i 2((o,T ), W H),E_ eiJ ) < Cs,o- 

One may check that the locally Lipschitz version of Lemma [372] holds as well. This 
gives an easy way to check (A3)' for type 2 spaces E. 

Let gbea stopping time with values in [0, To]. For t G [0, To] let 

Clt(g) = {u> S ft : t < g(u>)}, 
[0, g) x ft = {(t, uj) G [0, T ] x ft : < t < g(ui)}, 
[0, g] x ft = {(*, w) G [0, T ] x ft : < t < g{u)}. 
A process £ : [0, g) x ft — > _E (or (CW)te[o,e)) 1S called admissible if for all t G [0, To], 
ftt(g) 3 a; — > C(A W ) is ^t-measurable and for almost all cu G ft, [0, g(ui)) 3 ( ^ 
£(t,u}) is continuous. 

Let £ be a UMD space. An admissible _E^-valued process (E/(i))te[o,e) is called 
a ZocaZ solution of (jSCPp if g G (0, To] almost surely and there exists an increasing 
sequence of stopping times (g„) n >i with g — Iim n _,oo g n such that 

(i) for all t € [0,T Q ], s S(t — s)F(-, U(s))l[ , 8 „](s) G T°(ft; T x (0, t; E v )), 

(ii) for all t G [0, To], s ^ S(t-s)B(-, U(s))l [0 , en] (s) G T°(ft; 7 (T 2 (0, t; H),E„)), 
(hi) almost surely for all t G [0,p n ], 

U{t) = S(t)u Q + S* F(; U)(t) + So B(; U){t). 

By (i) the deterministic convolution is defined pathwise as a Bochner integral. 
Since E is a UMD space, by (ii) and Proposition 12.41 we may define the stochastic 
convolution as 

SoB(-,U){t)= [ S(t-s)B(s,U(s))l [0!en] (s)dW H (s), ie[O lft ,]. 



A local solution (t/(£))te[o,e) is called maximal for a certain space V of i^-valued 
admissible processes if for any other local solution (C^(i))te[o,o) m V, almost surely 
we have g < g and U = C/| [o.e) ■ Cl ear ly> a maximal local solution for such a space 
V is always unique in V. We say that a local solution (U(t)) t& [o, e ) of (|SCP[) is 
a global solution of (|SCP|) if g = Tq almost surely and U has an extension to a 
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solution U : [0, To] x — > E n of (ISCPj) . In particular, almost surely "no blow" up 
occurs at t = Tq. 

We say that g is an explosion time if for almost all u £ Q with g{uj) < Tq, 

limsup \\U(t,uj)\\ Eri = oo. 

Notice that if g = To almost surely, then g is always an explosion time in this 
definition. However, there need not be any "blow up" in this case. 

Let g be a stopping time with values in [0, To]. For p £ [l,oo), a £ [0, 5) 
and 77 £ [0,1] we define V^'p OC ([0, g) x ft;E) as all -E-valued admissible processes 
(<fi(t))t£[o,e) sucn that there exists an increasing sequence of stopping times {g n )n>i 
with g = lim n _ i . o0 g n and almost surely 

U\\c([o, en ];E) + {J \\s^(t- sy a (l){s)l^ gn] (s)\\ P i{Qt . E) dtj " < 00. 

In the case that for almost all u>, Q n {uJ) — T for n large enough, 

V° ; l p ° c ([0,g) X = V£ p ([0,T] x 

Theorem 8.1. Let E be a UMD space with type r £ [1,2] and suppose that \(AT)\ 
(AgT) \(My\ [(A4)1 are satisfied, and assume that 0<?7 + #f<^~ —■ 

(1) For all a £ (0, |) and p > 2 suc/i i/iai T] + 0b < — 5 £/iere exists a unique 
maximal local solution (t/(i))[o, e ) *n ^a,p OC ([0, f?) x Oj-E,,) 0/ (jSCPjl . 

(2) For all A > and 8 > n such that A + <5 < min{i — 6g,l — 9p}, U has a 
version such that for almost all cj £ O, 

* 1 * tf(t,w) - 5(t)uo(«) £ Q A OC ([0, g{u)))]E s ), 



If in addition the linear growth conditions of (A2) and |(A3) hold, then the above 



function U is the unique global solution of (|SCP|) m ([0, Tq] x i7; T 1 ^) and i/ie 
following assertions hold: 



(3) T/ie solution U satisfies the statements of Theorems \7.1\ and \ 7. 3\ 

(4) If a £ (0, |) andp > 2 are smc/i i/iai a > + + ^ and u £ T p (^i, J 7 o;E ri ), 
then the solution U is in V£ oo([0, To] x f2; T 1 ^) and (16.11|) and i/ie statements 
of Theorem 1 6'. ffl ZioZd. 



Before we proceed, we prove the following local uniqueness result. 



Lemma 8.2. Suppose that the conditions of Theorem \8.1\ are satisfied and let 
(Ui(t))te[o, ei ) in ^? c ([0, gi) x n-,E v ) and (U 2 (t)) te%e2) in V°; p oc ([0, g 2 ) x n ; E n ) 
be local solutions of (|SCP[) with initial values and Uq. Let T = {u\ = Then 
almost surely on T, t/i|[o, ei Ae 2 ) = ^\[o,gi/\g 2 )- Moreover, if gi is an explosion time 
for Ui , then almost surely on T, g\ > g 2 . If g\ and g 2 are explosion times for U\ 
and U 2 , then almost surely on V , g\ — g 2 and U\ = U 2 . 

Proof. Let g — g\f\g 2 . Let (/J> n )n>i be an increasing sequences of bounded stopping 
times such that lim n ^ ^ fi n = g and for all n > 1, Uilm^i and U 2 1[ ^ are in 
VP p ([0,T o ]xn;E v ). Let 

v x n = inf{f £ [0,T ] : ||f/i(t)|| E „ > n} and v 2 n = M{t £ [0, T ] : ||£/ 2 (i)|| Er| > n} 

and let a l n — fi„ A v\ and let a n — a\ A a 2 n . On [0, To] x fl x {x £ E v : \\x\\e v < n} 
we may replace F and B by F n (for a possible definition of F n , see the proof of 



34 



J.M.A.M. VAN NEERVEN, M.C. VERAAR, AND L. WEIS 



Theorem EH]) and B n which satisfy [(A2)] and | (A3)] As in the proof of Theorem IP 
it follows that for all < T < T , 

l|C / r"l[o, C r„]xr - ^ / 2 r " 1 [o, -„]xr|lv'P iP ([o,T]xn;_B,) 

= ll(- C 'r(^r ra l[0, o -„]xr) - L T(U%"l[Q tl7n ] X r))^o,a n ]xr\\v£ tP ([o,T]xn;E n ) 

< \\L T (Ui n l[ 0>an ] x r) - iT(^2 CT " 1 [o, -„]xr)|lt/p p ([o,T]xO;_B^) 

< Cr[[f/f"l[ 0>CT „]xr - c/ 2 r " 1 [o,<T„]xr|lv'p p ([o,T]xfi;B ?J )' 

where Ct satisfies liniTj.o Ct = 0. Here l[o,<r„]xr should be interpreted as the pro- 
cess (t,uj) i— > l[o.cr„(w)]xr(^, For T small enough it follows that U°" l[o.o-„] xr = 
^"lpjo-jxr i n KfpdP, T] x QE n ). By an induction argument this holds on [0, To] 
as well. By path continuity it follows that almost surely, U\ = C/2 on [0, er„] x T. 
Since g = lim^oo a n we may conclude that almost surely, U\ = U2 on [0, g) x T. 

If is an explosion time, then as in |40| Lemma 5.3] this yields g\ > gi on T 
almost surely. Indeed, if for some wGT, < £>2(w), then we can find an n such 

that q\{uj) < v\{uj). We have Uy{t,w) = U 2 (t,uj) for all < t < v* +1 (u>) < Qi(u>). 
If we combine both assertions we obtain that 

n+l=\\U x (v 1 n+1 (u;),Lj)\\ Ea = \\U 2 (^ +1 (u),Lj)\\ Ea <n. 

This is a contradiction. The final assertion is now obvious. □ 



Proof of Theorem lff.il We follow an argument of [3] 20] . 

For n > 1 let T n = {||uo|| < f } and u n — uolr„- Let (B n ) n >i be the sequence of 
L^-Lipschitz functions from (A3)' Fix an integer n > 1. Let F n : [0, To] xilxE v — > 
E-e F be defined by 

F n (-,x)=F(;x) for ||i||s,<n, 

and F n (-,x) = F(-, h? ) otherwise. Clearly, F n and B„ satisfy [(A2)] and [(A3)] 
It follows from Theorem 16.21 that there exists a solution U n 6 V^^QO, To] x ft; E v ) 
of (|SCP|) with Mo, F and B replaced by u n , F n and B n . In particular, U n has a 
version with continuous paths. Let g n be the stopping time defined by 

g n (ui) = inf{f g [0,T ] : \\U n (t, u)\\ Ev > n}. 



It follows from Lemma 18.21 that for all 1 < m < n, almost surely, U m = U n on 
[0, g m A g„] x r m . By path continuity this implies g m < g„- Therefore, we can 
define g = lim n ^oo g n and on r„, U(t) = U n (t) for t < g n . By approximation and 
Lemma CSS it is clear that U £ V°^ oc ([0, g) x tl;E v ) is a local solution of (|5UP]) . 
Moreover, p is an explosion time. This proves the existence part of (1). Maximality 
is a consequence of Lemma l8.2l Therefore, (C/(i))t6[o, e ) is a maximal local solution. 
This concludes the proof of (1). 

We continue with (2). By Corollary 16. 31 each U n has the regularity as stated by 
(2). Therefore, the construction yields the required pathwise regularity properties 
of U. 

Turning to (4), let (U n ) n >i be as before. As in the proof of Proposition 16. II one 
can check that by the linear growth assumption, 

ll^n|lK?,oo([0 : T]xn ; B„) = II^T(C^ri)||vi , , 00 ([0,T]xO;£;,) 

< CT\\U n \\ V g :OO ([0,T]xn;E n ) + C + C\\u n \\ L v(n-E v ), 
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where the constants do not depend on n and uo and we have liniTxo Or = 0. Since 
\\u n \\Lp(n:E v ) < ||uo \\lp({1;E v ) , it follows that for T small we have 

ll^n||vi' <oo ([0,r]xn;E r ,) < C(l + ||"o|Up(n ; B n ))) 
where C is a constant independent of n and Uo. Repeating this inductively, we 
obtain a constant C independent of n and uo such that ||^n||v - ,j 00 ([o,T ]xn;.E 7J ) ^ 
C(l + ||wo|Uf(n ; E,))- In particular, 

E sup \\U n (s)\\ E <C p (1 + |M|l 

s£[0,T o ] 

It follows that 

P( sup \\U n (s)\\ En >n) <C p n- p . 

s£[0,T ] 

Since X)n>i n P < 00 > the Borel-Cantelli Lemma implies that 

P(f| U { SU P \\U n (*)\\E, >»}) = 0. 

This gives that almost surely, g n = To for all n large enough, where g n is as before. 
In particular, g = Tq and by Fatou's lemma 

H C/ lluJ', 00 ([0,To]xQ;,E„) < ii^^ ll^nllv^oodO.Tolxn;^) < ^{1 + \\u || Lp(0;_E„) ) ■ 

Via an approximation argument one can check that U is a global solution. The 
final statement in (4) can be obtained as in Theorem 16.31 

For the proof of (3) one may repeat the construction of Theorem 17.11 using 
Lemma 18.21 instead of Lemma 17.21 □ 



9. Generalizations to one-sided UMD spaces 



In this section we explain how the theory of the preceding sections can be ex- 
tended to a class of Banach spaces which contains, besides all UMD spaces, the 
spaces L 1 . 

A Banach space E is called a UMD + -space if for some (equivalently, for all) 
p G (1, oo ) there exists a constant > 1 such that for all E- valued i p -martingale 



difference sequences we have 

n 

( 



i=i 



< 



2>| 

3=1 



where (rj)™ =1 is a Rademacher sequence independent of (dj)j', 
called a UMD~ space if the reverse inequality holds: 



The space E is 



(b||E^||)^^( e ||E 

3=1 



Both classes of spaces were introduced and studied by Garling [T5] . By a standard 
randomization argument, every UMD spaces is both UMD + and UMD - , and con- 
versely a Banach space which is is both UMD+ and UMD" is UMD. At present, no 
examples are known of UMD + -spaces which are not UMD. For the UMD~property 
the situation is different: if E is UMD - , then also ^(S; E) is UMD - . In particular, 
every Z^-space is UMD" (cf. [29]). 
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Assume that {Tt)t>Q is the complete filtration induced by Wh- If E is a UMD - - 
space, condition (|3|) still gives a sufficient condition for stochastic integrability of 
and instead of a norm equivalence one obtains the one-sided estimate 



for all p E (l,oo), where we use the notations of Proposition 12.41 The condition 
on the filtration is needed for the approximation argument used in |14j . By using 
Fubini's theorem it is obvious that the result also holds if the probability space has 
the following product structure £1 = fii x Q 2 , T = T ® Q , P = Pi <g> P2, and the 
filtration is of the form [Tt ® G)t>o- 

Mutatis mutandis, the theory presented in the previous sections extends to 
UMD - spaces E, with two exceptions: (i) Proposition 14.51 relies, via the use of 
Lemma on the fact that UMD spaces have property (A); this property should 
now be included into the assumptions, (ii) One needs the above assumption on the 
filtration. We note that it follows from [7] that for E = L 1 the assumption on the 
filtration is not needed. 



Case of bounded A. We start with the case of a bounded operator A. By putting 
F := A + F it suffices to consider the case A = 0. 

Let E be a UMD - space with property (a) (see Section[5|). Consider the equation 



where We is an E- valued Brownian motion. With every E- valued Brownian motion 
We one can canonically associate an ii-cylindrical Brownian motion Wh, where 
H is the so-called reproducing kernel Hilbert space associated with We(1) (see the 
proof of Theorem 1 1 . 1 1 below) . Using this i7-cylindrical Brownian motion Wh, the 
problem (jlO.ip can be rewritten as a special instance of (|SCP[) . 
We make the following assumptions: 

(1) F : [0,T] x n x E -> E satisfies [(A2)] with a = 9 F = 0; 

(2) BeC(E,C(E)); 

(3) Mo : f2 — * E is ^-o- me asurable. 

Theorem 10.1. Under these assumptions, for all a > and p > 2 such that 
a < I — ^ there exists a unique strong and mild solution U : [0, T] x ft — > E of 
(PILTJ) in U Q ° P ([0,T] xQ;£). Moreover, for all < A < \, U has a version with 
paths in C A ('[0, T];E). 

Proof. Let H be the reproducing kernel Hilbert space associated with We[1)- Then 
H is a separable Hilbert space which is continuously embedded into E by means of 
an inclusion operator i : H E which belongs to ^f{H,E). Putting Wn(t)i*x* := 
(WE(t),x*) (cf. [331 Example 3.2]) we obtain an _ff-cylindrical Brownian motion. 

Assumption |(Al)| is trivially fulfilled, and (A2) and (A4) hold by assumption. 
Let B E C(E, , y(H,E)) be given by B(x)h — B(x)ih. Using Lemma IBT41 one checks 
that B satisfies [( A3) | with a = = 0. Therefore, the result follows from Theorems 
17.11 and 17.31 (applied to B and the i?-cylindrical Brownian motion Wh)- Here we 
use the extension to UMD - space as explained in Section O □ 




10. Applications to stochastic PDEs 



(10.1) 



dU(t) = F(t,U(t))dt + B(U(t))dW E (t), t E [0,T], 
U(0) = «o, 
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Elliptic equations on bounded domains. Below we will consider an elliptic 
equation of order 2m on a domain S C l d . We will assume the noise is white in 
space and time. The regularizing effect of the elliptic operator will be used to be 
able to consider the white-noise in a suitable way. Space-time white noise equations 
seem to be studied in the literature in the case m = 1 (cf. [3l lllj). 

Let S C R d be a bounded domain with C°° boundary. We consider the problem 

— (t, s) = A{s, D)u(t, s) + f(t, s, u(t, a)) 

Ow 

(10.2) +5(t, *,«(*, «))—(*,»), s£S,t£(0,T], 

B 3 (s,D)u(t,s) = 0, s 6 OS, t e (0,T], 

u(0, s) = uq(s), s g S. 



Here A is of the form 



A(s,D)= a ^)D a 

|q| <2rn 



where D = — i(dx 1 . . . , dd) and for j = 1, . . . , m, 

B 3 (s,D)= b,p(s)D^ 
\P\<n 



where 1 < rrij < 2m is an integer. We assume that a a 6 C(S) for all \a\ — 2m. For 
\a\ < 2m the coefficients a a are in L°°(S). For the principal part J2\ a \=2m a a{s)D a 
of A we assume that there is a K > such that 

£ a Q ( s )^ > «|C| 2m , SGS, erf- 

\a\—2m 

For the coefficients of the boundary value operator we assume that for j = 1, . . . , m 
and < mj we have bjp S C°°(S'). The boundary operators {Bj)JL 1 define a 
normal system of Dirichlet type, i.e. < rrij < m (cf. Section 3.7]). The 

C°° assumption on the boundary of S and on the coefficients bj@ is made for 
technical reasons. We will need complex interpolation spaces for Sobolev spaces 
with boundary conditions. It is well-known to experts that one can reduce the the 
assumption to S has a C 2m -boundary and bjp £ C 2m_m i (S). However, this seems 
not to be explicitly contained in the literature. 

The functions [0,r]xS]x5xM^I are jointly measurable, and adapted 
in the sense that for each t G [0, T], f(t, •) and g(t, •) are Tt^Bs® 2?R-measurable. 
Finally, w is a space-time white noise (see, e.g., [45]) and uo : S x £1 — > K is an 
Bs ® ^-"o-measurable initial value condition. We say that u : [0, T] x Vl x S — > R is a 
solution of ()10.2j) if the corresponding functional analytic model ([SCPj) has a mild 
solution U and u(t, s, w) = U(t,uj)(s). 

Consider the following conditions: 

(CI) The functions / and g are locally Lipschitz in the fourth variable, uniformly 
on [0,T] x Q, x S, i.e., for all R > the exist constants and such 
that 

\f(t,w,s,x) - f(t,u,s,y)\ < Lf\x-y\, 
\g(t,w,s,x) - g(t,u,s,y)\ < Lf\x-y\, 
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for all t E [0, T], w S (1, s £ S, and |x|, \y\ < R. Furthermore, / and g 
satisfy the boundedness conditions 

sup \ f(t, u, s, 0)| < oo, sup \g(t, w, s, 0)| < oo, 
where the suprema are taken over t G [0, T], u> G CI, and s E S. 
(C2) The functions / and g are of linear growth in the fourth variable, uniformly 
in [0, T] x O x S, i.e., there exist constants Cf and C g such that 

\f{t,u>,s,x)\ <C f (l + \x\), \g{t,u>,s,x)\ <C 9 (l + |x|), 
for all t G [0,T], ui G s € 5, and x G E. 
Obviously, if / and <? are Lipschitz and /(•, 0) and <?(•, 0) are bounded, i.e., if |(Cl)| 
holds with constants L f and L g not depending on _R, then |(C2)| is automatically 
fulfilled. 

The main theorem of this section will be formulated in the terms of the spaces 
B'j {b ■}(&)■ For their definition and further properties we refer to [42j Section 
4.3.3] and references therein. For p E [1, oo], g e [1, oo] and s > 0, let 

H {'i}( S ) ■= {/ 6 H S ^(S) : Brf = for mj < s - -, j = 1, . . . , m}, 

q flj} (S) := {/ G C s (5) : Bj/ = for m 3 < s, j = 1, . . . , to}. 

For p G (l,oo) let A p be the realization of A on the space L P (S) with domain 
H^'^(S). In this way — A p is the generator of an analytic Co-semigroup (S p (t)) t >Q. 
Since we may replace A and / in (| 10. 2(1 by A — w and w + /, we may assume 
that {S p (t))t>o is uniformly exponentially stable. From [39j Theorem 4.1] and [42j 
Theorem 1.15.3] (also see [5]) we deduce that if 9 G (0, 1) and p G (1, oo) are such 
that 

(10.3) 2m9 — — ^ rTij, for all j = 1, . . . , m, 

then 

[L^),£(A p )] e = mS),H^f } (S)} 6 = ff { 2 ™ 9 f (5) 

isomorphically. 

Theorem 10.2. Assume that (CI) holds, let — < 2, and let p G (l,oo) oe suc/i 

imp 2 4m 

(1) If rj E (2^1 \ ~ 3^7) * s su c/i that (|10.3[) fto/ds /or i/ie pair (77, p) and i/uo G 
H^ v ^ p (S) almost surely, then for all r > 2 and a E (r/ + ^ — i/iere 
exists a unique maximal solution (u(i)) te [ e ) 0/ (|10.2|) in V^ oc ([0, £>) x 
tt;iJ^(S)). 

(2) Moreover, if S > ^77; and X > are such that S + A < \ - ^ and (|10.3|) 
ZioWs /or t/ie pair (S,p), and if uq E H" l B ^' p (S) almost surely, then u has 
paths in C^ c ([0, r); Hf^ S y P (S)) almost surely. 

Furthermore, if condition |(C2)| holds as well, then: 

(3) If rj E (5^) \ ~ 4777) * s such that (|10.3[) feoZds /or ifte pair (r?,p) and i/uo G 
H^' r y P (S) almost surely, then for all r > 2 and a G (n + 37777 ^ — 7) i/iere 
exists a unique global solution u of (fTM)) in V° r ([0,T\ x O; H^f(S)). 
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(4) Moreover, if 5 > and A > are such that S + A < \ - and (|10.3|) 
holds for the pair (S,p), and if uq G H™ B .y' P (S) almost surely, then u has 
paths in C A ([0, T); H^ S j p (S)) almost surely. 

Remark 10.3. 

(i) For p G [2, oo) the uniqueness result in JTJ) and ([3]) can be simplified. In 
that case one obtains a unique solution in 

L°(n;C([0,T};H^f(S))) C 7 a ° r ([Q,T] x fi ;j ff { 2 ^(5)). 

For this case on could also apply martingale type 2 integration theory from 
[3] to obtain the result. 

(ii) By the Sobolev embedding theorem one obtains Holder continuous solutions 

~ n _d 

in time and space. For instance, assume in (4) that uo G Gr B ? O^O a l mos t 
surely. It follows from 

C™ B J(S) H™ } (S) = [E,D(~A P )}^ - D((-A p )^) 

for all p G (l,oo) and 77 < m — | and e > 0, that £ 1— * S(t)ua is in 
C A ([0,T];D((-Ap)' 5 ) for all <5,A> that satisfy (5 + A < \ - ^L. Since 

#((-A p ) 5 ) [^,£)(-A p )] 5 _ E = i/ { 2 ™ ( ;- £) ' p (5) 

for all p G (l,oo) and £ > 0, by Sobolev embedding we obtain that the 
solution u has paths in C x ( [0, T] ; C B nS (S) ) for all S, A > that satisfy 

Proof of Theorem MO.SX Let p G (1, 00) be as in the theorem and take E := L P (S). 
For b G (0,1) let Ef, denote the complex interpolation space [E,T>(A p )]b. Note 
that we use the notation E b for complex interpolation spaces instead of fractional 
domain spaces as we did before. This will be more convenient, since we do not 
assume that A p has bounded imaginary powers, and therefore we do not know the 
fractional domain spaces explicitly. Recall (cf. [26]) that E a T>{{— A) h ) and that 
V{{-A) a ) ^ E b for all a G (6, 1) for all b G (0, 1). 
If b > then by gH Theorem 4.6.1] we have 



[E,V(A p )] b ^C(S). 

_ d s 
> 2mp ' 2 4m ' 



Assume now that r/ G (^-, ± - ^-). Let F, G : [0, T] xQxE v -> L°°{S) be defined 



as 

(F(i,£ 1 ;,x))(s) = f(t,uj,s,x(s)) and w, x))(s) = g{t,u,s,x(s)). 

We show that F and G are well-defined and locally Lipschitz. Fix x,y G E„ and 
let 

i? := maxjess sup |a;(s)|, ess sup |y(s)|} < 00. 

s&S s£S 

From the measurability of x, y and / it is clear that s 1— > (.F(i, u;, a;))(s) and s 1— > 
(F(t,uj,y))(s) are measurable. By |(C1)| it follows that for almost all s G S, for all 
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t G [0, T] and w G n we have 

\(F(t,u,x))(s) - (F(t,u,y))(s)\ = \f(t,uj, s,x(s)) - f(t,cj,s,y(s))\ 

<Lf\x(s)-y{s)\ 
< Lf\\x - y\\ L <*>(s) 
'JWx-vWe,,. 



Also, by the second part of (CI) for almost all s G S, for all t G [0,T] and oj G SI 
we have 

\{F(t,u,0))(s)\ = |/(t,w,s,0)| < sup \f(t,u,s,0)\ < oo. 

t,s,u 

Combing the above results we see that F is well-defined and locally Lipschitz. In a 
similar way one shows that F has linear growth (see (A2)) if |(C2)| holds. The same 
arguments work for G. 

Since L°°(S) <— > L P (S) — E we may consider F as an E- valued mapping. It 
follows from the Pettis measurability theorem that for all x G E v , (i, ui) i— > F(t, w, x) 
is strongly measurable in S and adapted. 

To model the term g(t : x, u(t, s)) 3l "g*' s - > , let := i 2 (S') and let Wff be a cylin- 
drical Brownian motion. Define the multiplication operator function T : [0, T] x 
Q x -> £(JJ) as 

(T{t,Lu,x)h){s) := (G(t,uj,x))(s)h(s), s e S. 

Then T is well-defined, because for all t G [0, T], w G O we have G(i, w, x) G L°°(S). 

Now let # B > 6»g > ^- be such that b + V < ~ and (|10.3[) holds for the pair 
(9 B , 2). Define (-A)-^S :[0,T]xOx£,^ l(H,E) as 

(-A)- eB S(t,w,x)/i = i(-A)- 9B G(t,Lu,x)h, 

where i : H 2m6B,2 (S) — > L P (S) is the inclusion operator. This is well-defined, 
because (— A) -9 - 8 : _ff — » H 2 b< 2 (S) is a bounded operator and therefore by the 
right-ideal property and Corollary 12.21 it follows that 

\\i{-A)- e »\\ l[H , E) < ll(^)" 9s || £(L2(s) ^^,2 (s)) INII 7(ff2m8i3 , 2(s)!iP(s)) < oo. 

Moreover, B is locally Lipschitz. Indeed, fix x,y £ -E,, and let 

R := maxjesssup x(s)|,esssup |y(s)|} < oo. 

s£S sES 

It follows from the right-ideal property that 

\\i(-A) e * (B(t, w, x) - B(t, to, y))\\^ H , E) 

< \\i{-A)- e * \\ 7{HiE) \\T(t, to, x) - r(t, w, y)|| £(H) 

< \\i{-A) 9b \\ 1{H , E) \\G(t, w, x) - G(f, w, 2/)||l-( S) 

< ||i(-A) eB || 7( ^ B) Z*[[x-y|U~ (s) 

< a ,p ||i(-A)^|| T(ff , E)J Lf||x-y||^. 

In a similarly way one shows that B has linear growth. Notice that B is TJ-strongly 
measurable and adapted by the Pettis measurability theorem. 

If p G [2, oo), then E has type 2 and it follows from Lemma [5^1 that (— A)~ 6b B 
is locally L^-Lipschitz and B has linear growth in the sense of (A3) if |(C2)| holds. 
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In case p G (1,2) the above result holds as well. This may be deduced from the 
previous case. Indeed, for each n define (— A)~ 6B B n : [0, T] x fi x E v — » j(H,E) 
as (-A)- 9s B„(a;) = (-A)- 9b B(x) for all ||x||^ < n and (-4)- 9fl B n (a:) = 
[-A)- 9B B n ( otherwise. Define (-A)- Sb S~ : [0, T] x fi x L°°(S*) -> j(H,H) 
as (-A)-^^^) = (-A)" eB S„(x). Replacing £ with L 2 (S) in the above cal- 
culation it follows that is a Lipschitz function uniformly on [0, T] x ft. Since 
-ff has type 2, (— A)~ 6b B^ 3 is L^-Lipschitz. Fix a finite Borel measure fi on (0,T) 
and fix </>i, 02 € i^((0, T), /«; £J^). Since i? > E continuously, it follows that 

\\{-A)- 6b (B n (t, CJ, 0i) - B n (t, U, <h))h(L*((0,T),n;IT),E) 

< C\\ {-A)- 9b (S~(t, Wj ^) - B~(t, Wj ^))|| 7 (£»((o,T) l/ . i H),^ 

< C]]0i - 02 ||Z/2((0,T), M ;i=»>{S)) 

< C||0i - ^2||i2((0,T),At;B,)) 

where C also depends on n. In a similarly way one shows that B has linear growth 
in the sense of (A3) if g has linear growth. 

If u G H^f(S) almost surely, where G (^, | - ^] is such that (HO) 
holds for the pair (fi,p), then w i— > u (-,w) G H 2 ^^ P {S) = Ep is strongly Tq- 
measurable. This follows from the Pettis measurability theorem. 

(JTJ: It follows from Theorem 18.11 with r\, 9 b as above and with r/ + 8 b < \ and 
dp = 0, t = p A 2 that there is a unique maximal local mild solution (U(t)) t £[o. e ) 
in V^ oc ([0, q) x Q; E v ) for all a > and r > 2 satisfying 77 + <9 s <a<±-±. In 
particular U has almost all paths in C([0, q),E v ). Now take u(t,ui,s) :— U(t,ui)(s) 
to finish the proof of fTJ). 

(0: Let S = 7] > ^ and A > be such that A + S < \ - Choose 9 B > ^ 
such that A + <5 < \ — Qb- It follows from Theorem 18 . 1 1 that almost surely, U — Suq G 
C* 1 ^ c ([0,e(w));iJ { 2 ™' 5 j p (5)). First consider the case that (§ - satisfies ([TO]) . 

Since uq G H™ B ,y' p (S) = Ei * C Eg almost surely and X + S < ^ — ^ we have 

5wo G C A ([0, T]; H^ S j p (S)) almost surely. Therefore, almost all paths of U are in 

C* oc ([0, g(u)); H^g S y P (S)) . In the case (| — -£^,p) does not satisfy (|10.3|) one can 

redo above argument with i — ^ — e for e > small. This proves @. 

©, dU): This follows from Theorems O and parts (3), (4) oflO □ 

Remark 10.4. The above approach also works for systems of equations. 

Laplacian in L p . Let S be a open subset (not necessarily bounded) of R d . Consider 
the following perturbed heat equation with Dirichlct boundary values: 

—(t,s)=Au(t,s) + f(t,s,u(t,s)) 

n>l 

u(t,s) = 0, S £dS, t£ (0,T], 

it(0, s) = uq(s), s G S. 

The functions /, b n : [0, T] x fl x S x M — » R are jointly measurable, and adapted in 
the sense that for each t G [0, T], f(t, •) and b n (t, ■) are T t ®Bs® 2?R-measurable. 
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We assume that (W n ) n >i is a sequence of independent standard Brownian motions 
on £1 and uq : S x il — » M is an ,6s ® .Fo-measurable initial value condition. We say 
that w, : [0, T] x VL x 5 — > K is a solution of (|10.4p if the corresponding functional 
analytic model (|SCP[) has a mild solution U and u(t, s,ui) — U(t,u>)(s). 

Let p £ [1, oo) be fixed and let E := L P (S). It is well-known that the Dirichlet 
Laplacian A p generates a uniformly exponentially stable and analytic Co-semigroup 
(S p (t))t>o on L P (S), and under a regularity assumption on dS one can identify 
r>(A p ) as W 2 ' P (S) n W 1 ' P (S'). Consider the following p-dependent condition: 

(C) There exist constants Lf and L(, n such that 

|/(*,w,s,aO - /(*,w,s,y)| < L f \x - y\, 
\b n (t,u,s,x) - b n (t,w,s,y)\ < L bn \x-y\, 

for all t £ [0,T], to £ fl, s £ S, and x, y £ M. Furthermore, / satisfies the 
boundedness condition 

sup||/(t,w, •,0)|| i p (5) < oo, 

where the supremum is taken over all t £ [0,T] and u> £ Q, and the b n 
satisfy the following boundedness condition: for all finite measures [i on 

(o,n 



sup 



( r vi6„(i,^,-,o)i 2 ^(<) 

w ° „>1 



< oo, 

LP(S) 



where the supremum is taken over all ui £ O. 

Theorem 10.5. Let S be an open subset ofM. d and let p £ [1, oo). Assume that 
condition |(C) | holds with ^2n>l^ J b ^ 00 • ^/ u o S L P (S) almost surely, then for all 
a > anc? r > 2 smc/i £/ia£ a < | — -, the problem (|10.4[) /ias a unique solution 
U £ V£ r ([0, T] x L p (S)). Moreover' for all A > and 6 > suc/i tfccrf A + 5 < \ 
there is a version of U such that almost surely, t > U(t) — S p (t)uQ belongs to 
C x ([0,n[L p (S),V(A p )} s ). 

Remark 10.6. Under regularity conditions on dS and for p £ (1, oo) one has 

[L p (S),D(A p )]s = {x£ H 2S > P (S) :x = on dS if 26 - - > 0} 
provided 6 £ (0, 1) is such that 26 — | ^ 0. 

Proof. We check the conditions of Theorem 17.11 (for p = 1 we use the extensions of 
our results to UMD~ spaces described in Scction[SJ keeping in mind that L 1 -spaces 
have this property). It was already noted that |(Al7| is fulfilled. Let E := L P (S) and 
define F : E — > E as F(t,x)(s) := f(t,s,x(s)). One easily checks that F satisfies 
|(A2)| with (?f = V = 0. Let H := I 2 with standard unit basis (e n )„>i, and let 
B : [0,T] x ft x £ -> C(H,E) be defined as (5(t, w, x)e n )(s) := b n (t,w,s,x(s)). 



STOCHASTIC EVOLUTION EQUATIONS 



Then for all finite measures fj, on (0, T) and all (f>%, & £ 7(L 2 ((0, T), /x; H),E), 

\\B(; <j)l) ~ B(-, ^2)|| 7 (L2((o,r), w H),B) 



< 



( / ^|6„(t,-,0 1 (i)(-))-&n(i,-,0 2 (i)(-))| 2 ^W)^ 

n>l 

X;^l^(*)(0-^(*)(0l a dA*(*)' 



LI 



»2|| 7 (L2(0,T),/i),B). 



where L = {J2 n >i ) *■ Moreover, 



\B(- 



>V)\\'y(L'(p,T), l i;ID,E)) ~P 



J2\bn(t,;0)\ 2 dv(t) 



< oo. 



From these two estimates one can obtain [(A3) | 



□ 



Appendix A. Measurability of stochastic convolutions 



In this appendix we study progressive measurability properties of processes of 
the form 

/ <$>(t,s)dW H {s) 
Jo 

where $ is a two-parameter process with values in C(H,E). 



Proposition A.l. Let E be a UMD space. Assume that $ : R+ x 
C{H,E) is H-strongly measurable and for each t £ R + , $(£, •) is a 



x il -> 
and has 



paths in 7(L 2 (R + ; H), E) almost surely. Then the process £ : R+ x Q — ► E 1 , 



$(t,a)dW^(s) 



/ias a version which is a 



and strongly measurable. 



Proof. It suffices to show that f has a strongly measurable version £, the adapt- 
edness of £ being clear. Below we use strong measurability for metric spaces as in 

03| . 

Let L^(Q; j(L 2 (R + ; H), E)) denote the closure of all adapted strongly measur- 
able processes which are almost surely in r y(L 2 (R + ;H) 7 E). Note that by [32] the 
stochastic integral mapping extends to L^(fi; r y(L 2 (M. + ; H), E)). 

Let G C R + x SI be the set of all (t,u) such that $(t,-,w) £ r y(L 2 (R + ; H), E). 
Since <E> is ii-strongly measurable, we have G £ £>r + (8 A Moreover, letting 
Gj = {uj £ f2 : (t,u;) £ G] for t 6 M + , we have P(G t ) = 1 and therefore 
G t £ Tq. Define the ff-strongly measurable function \I> : R + x R + x Q — * B(H, E) 
as ^(t,s,u) := <5>(t,s,w)l[ 0tt ](s)l G (t,u>). It follows from [32] Remark 2.8] that 
the map R + x Q 3 (t,uj) — > ^(t,-,uj) £ r y(L 2 (R + ; H ), E) is strongly measurable. 
Hence, the map R + 3 t — > \P(t, •) £ L°(Q; j(L 2 (R + ; H), E)) is strongly measurable. 
Since it takes values in L®(fl; 7(L 2 (R + ; H), E)) it follows from an approximation 
argument that it is strongly measurable as an L$J(0; 7(L 2 (R + ; H), i?))-valued map. 
Since the elements which are represented by an adapted step process are dense in 
L°(ft;7( J L 2 (R + ; #),£)), it follows from 43, Proposition 1.9] that we can find a 
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sequence of processes (^f n )n>x, where each : R+ — > Lp(£l; 7(X 2 (R+; H), E)) is 
a countably valued simple function of the form 

9 n = J2 1 B^t, wi th Bl £ £ R+ and £ L°(S1; 7 (L 2 (JR + ; ff), £)), 
fe>i 

such that for all i £ R + we have \\^(t) — ^ n (t) ||L°(f2;7(i, 2 (R + ;_f/),_E)) < 2~™, where 
with a slight abuse of notation we write 

U\\ L o (n . F) :=E(||£|| F A1) 

keeping in mind that this is not a norm. Notice that by the Chebyshev inequality, 
for a random variable £ : SI — > _F, where F is a normed space, and e £ (0, 1], we 
have 

P(||C||f > e) = P((||£||f A 1) > e) < e-^l^llio^. 
It follows from [321 Theorems 5.5 and 5.9] that for all t £ K + , for all n > 1 and for 
all e,(5£ (0,1], 

\ CS 2 1 
*(t,B)-* n (t,s)dW^(s) >e)<— + 

Taking e £ (0,1] arbitrary and 5 = — , it follows from the Borel-Cantelli lemma 
that for alii £ K+, 

fl U {|| / *(*,*)-*»(*,*) dW^Wll >e}) =0. 
Since e £ (0, 1], was arbitrary, we may conclude that for all t £ K + , almost surely, 
C(*,-)= / 4 r (i,s)dW H (s)= Urn / * n (i, s) dW^(s). 

/TO) H — >00 /to) 

Clearly, 

v + k>l ■' R + 

has a strongly £>r + <g> .Foe-measurable version, say £„ : R+ x SI — » £\ Let C C R + x SI 
be the set of all points (t,oj) such that (Cn{t,u>))n>i converges in E. Then C £ 
#r+ <8>^oo and we may define the process £ as £ = linin^oo CnJ-C- It follows that £ is 
strongly Btr + ®J-ao -measurable and for all t £ M+, almost surely, ((t, •) = ((t, •). □ 

Acknowledgment - We thank Tuomas Hytonen for suggesting an improvement 
in Proposition [43] 
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